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MULTIPLICATIVELY SPECTRUM-PRESERVING AND
NORM-PRESERVING MAPS BETWEEN INVERTIBLE
GROUPS OF COMMUTATIVE BANACH ALGEBRAS
OSAMU HATORI, TAKESHI MIURA, AND HIROYUKI TAKAGI
Abstract. Let A and B be unital semisimple commutative Ba-
nach algebras and T a map from the invertible group A−1 onto
B−1. Linearity and multiplicativity of the map are not assumed.
We consider the hypotheses on T : (1) σ(TfTg) = σ(fg); (2)
σpi(TfTg−α)∩σpi(fg−α) 6= ∅; (3) r(TfTg−α) = r(fg−α) hold
for some non-zero complex number α and for every f, g ∈ A−1,
where σ(·) (resp. σpi(·)) denotes the (resp. peripheral) spectrum
and r(·) denotes the spectral radius. Under each of the hypotheses
we show representations for T and under additional assumptions
we show that T is extended to an algebra isomorphism. In particu-
lar, if T is a surjective group homomorphism such that T preserves
the spectrum or T is a surjective isometry with respect to the spec-
tral radius, then T is extended to an algebra isomorphism. Similar
results holds for maps from A onto B.
1. Introduction
Recently spectrum-preserving maps on Banach algebras which are
not assumed to be linear are studied by several authors including [4, 5,
6, 7, 8, 9, 10, 11, 12, 13]. In this paper we mainly consider maps which
are defined on the invertible groups of commutative Banach algebras.
For unital Banach algebras the groups of all invertible elements can
be isomorphic as groups to each other while these Banach algebras are
not algebraically isomorphic to each other. Let C([0, 1]) be the Ba-
nach algebra of all continuous complex-valued functions on the closed
unit interval. Then the group C([0, 1])−1 of all invertible elements of
C([0, 1]) is isomorphic as a group to the group of all non-zero complex
numbers, the invertible group of the one dimensional Banach algebra
C; the complex number field. We show a proof for a convenience. Let
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{zα} be a Hamel basis for the linear space C over the rational number
field. We may assume that pi ∈ {zα}. Since the cardinal number of
C([0, 1]) is the continuum c, the cardinal number of a Hamel basis for
C([0, 1]) over the rational number field is also the continuum. It follows
that there is a linear isomorphism S (over the rational number field)
from C onto C([0, 1]) such that S(pi) = pi. Put the map T from expC
onto exp(C([0, 1])) as T (exp(z)) = exp(S(z)): T is well-defined since
S(pi) = pi. By the definition T is multiplicative. Since the equality
exp(C([0, 1])) = C([0, 1])−1 holds (by a theorem of Arens and Royden
[2, Corollary III. 7. 4], for example), we see that T is a group isomor-
phism from {z ∈ C : z 6= 0} onto C([0, 1])−1. In the same way there
are various pairs of unital commutative Banach algebras which are not
isomorphic as algebras while the invertible groups are isomorphic as
groups. An interesting example of a group isomorphism between in-
vertible groups of two non-isomorphic commutative C∗-algebras which
is also a homeomorphism with respect to the relative topology induced
by the norms on the algebras is presented in the monograph of Z˙elazko
[14, Remark 1. 7. 8].
In spite of the above Hochwald [6] proved that if a group homomor-
phism from the group of all invertible matrices in Mn of all n × n
matrices into itself preserves the spectrum, then it is extended to
an algebra automorphism on Mn. We show a type of a theorem of
Hochwald for the case of unital semisimple commutative Banach alge-
bras (cf. Corollary 4.3). We also show that a group homomorphism
between the invertible groups of unital semisimple Banach algebra is
extended to a real-algebra isomorphisms between underlying algebras
if T is isometric with respect to the spectral radius (cf. Corollary 5.15).
In this paper we consider not only group homomorphisms with addi-
tional topological properties between invertible groups but also mul-
tiplicatively (resp. peripheral) spectrum-preserving maps and norm-
preserving maps. We say that a map T between Banach algebras is
multiplicatively spectrum-preserving if
σ(TfTg) = σ(fg)
holds for every pair f and g in the domain of T , where σ(·) denotes the
spectrum. The peripheral spectrum {z ∈ σ(f) : |z| = r(f)} is denoted
by σpi(f), where r(f) is the spectral radius for f . We say that T is
multiplicatively peripheral spectrum-preserving if
σpi(TfTg) = σpi(fg)
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holds for every pair f and g in the domain of T , and T is multiplicatively
norm-preserving if
‖TfTg‖ = ‖fg‖
holds for every pair f and g in the domain of T for a certain norm ‖ · ‖
including the spectral radius. The study of multiplicatively spectrum-
preserving maps between Banach algebras was initiated by Molna´r [9]
and he characterized algebra isomorphisms in terms of multiplicative
spectrum-preservingness. Rao and Roy [12] and Hatori, Miura and
Takagi [4] generalized the theorem of Molna´r for uniform algebras. Ha-
tori, Miura and Takagi [5] also generalizes for unital semisimple com-
mutative Banach algebras. Luttman and Tonev [8] introduced mul-
tiplicatively peripheral spectrum-preserving maps and generalizes re-
sults of Rao and Roy [12] and Hatori, Miura and Takagi [4] in the
case of uniform algebras. Lambert, Luttman and Tonev [7] considered
the maps with much weaker conditions such as mutiplicatively norm-
preservingsess or weakly peripherally-multiplicativity.
After some preliminaries in the next section, we study multiplica-
tively norm-preserving maps between the invertible groups of commu-
tative Banach algebras in section three. We show that commutative C∗-
algebras are algebraically isomorphic if there exists a multiplicatively
norm-preserving surjection, in particular, a norm-preserving group iso-
morphism between the invertible groups of the algebras.
In section four we consider multiplicatively spectrum-preserving maps,
in particular, peripheral spectrum-preserving group isomorphisms be-
tween invertible groups of uniform algebras and show that they are
extended to algebra isomorphisms between underling algebras.
In section five we consider non-symmetric multiplicatively norm-
preserving maps and we consider non-symmetric multiplicatively (resp.
peripheral) spectrum-preserving maps in section six. We say that a
map T is non-symmetric multiplicatively norm-preserving if
‖TfTg − α‖ = ‖fg − α‖
holds for every pair f and g in the domain of T and some non-zero
complex number α. We say that T is non-symmetric multiplicatively
spectrum-preserving if
σ(TfTg − α) = σ(fg − α)
holds for every pair f and g in the domain of T and some non-zero
complex number α. We say that T is non-symmetric multiplicatively
peripheral spectrum-preserving if
σpi(TfTg − α) = σpi(fg − α)
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holds for every pair f and g in the domain of T and some non-zero
complex number α.
In the last section we consider maps between commutative Banach
algebras which are multiplicatively norm-preserving, and show a gen-
eralization of a theorem of Luttman and Tonev [8]. We also study
non-symmetric multiplicatively norm-preserving maps between com-
mutative Banach algebras.
2. preliminaries
Suppose that A is a unital commutative Banach algebra. We call
the group of all invertible elements in A the invertible group of A.
The invertible group of A is denoted by A−1. The spectrum of f ∈ A
is denoted by σ(f). The peripheral spectrum σpi(f) is the set {z ∈
σ(f) : |z| = r(f)}, where r(f) denotes the spectral radius of f ∈ A.
The maximal ideal space of A is a compact Hausdorff space and is
denoted by MA. Then by Gelfand theory, the equality σ(f) = fˆ(MA)
holds, where fˆ is the Gelfand transform of f . For a compact Hausdorff
space X , the algebra of all complex-valued continuous functions on X
is denoted by C(X). We denote clA the uniform closure of the Gelfand
transform Aˆ of A in C(MA). Then clA is a uniform algebra on MA.
In this paper we denote the Gelfand transform of f in A also by f ;
omitting ·ˆ, if A is semisimple.
Let A be a uniform algebra on a compact Hausdorff space X , that is,
A is a uniformly closed subalgebra of C(X) which contains constants
and separates the points of X . For a subset K of X the supremum
norm on K is denoted by ‖g‖∞(K) for g ∈ A. A function f ∈ A is
said to be a peaking function if σpi(f) = {1}. Since the spectral radius
and the supremum norm on X coincide for uniform algebras, we see
by a simple calculation that σpi(g) = {z ∈ g(X) : |z| = ‖g‖∞(X)} for
every g ∈ A. We denote the set of all peaking function by PA and
PA(x) = {f ∈ PA : f(x) = 1} for x ∈ X . We also denote
P 0A = {f ∈ PA : 0 6∈ σ(f)}
and
P 0A(x) = {f ∈ PA(x) : 0 6∈ σ(f)}
for x ∈ X . For a closed subset K of X , we say that K is a peak set if
there is a peaking function f ∈ A such that K = f−1(1). If a peak set
is a singleton, then the unique element of the set is said to be a peak
point. An intersection of peak sets is said to be a p-set. If a p-set is
a singleton, then the unique element of the set is said to be a p-point.
The Choquet boundary for A is denoted by Ch(A). Note that Ch(A)
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consists of all p-points. Note that for every f ∈ A, σpi(f) ⊂ f(Ch(A))
holds. (Suppose that α ∈ σpi(f). If α = 0, then ‖f‖∞(X) = 0, so that
the inclusion holds. If α 6= 0, then by a simple calculation we see that
f−1(α) is a peak set for A, so that Ch(A) ∩ f−1(α) 6= ∅ by Corollary
2.4.6 in [1].) See [1, 2] for theory of uniform algebras.
The following is a version of a theorem of Bishop (cf. [1, Theorem
2.4.1]) and it is a generalization of Corollary 1 of [7].
Lemma 2.1. Let A be a uniform algebra on a compact Hausdorff space
X. Let f ∈ A and x0 ∈ Ch(A). If f(x0) 6= 0, then there exists a
u ∈ P 0A(x0) such that σpi(fu) = {f(x0)}.
Proof. It is enough to show that there is a u ∈ P 0A(x0) such that
(1/f(x0))fu ∈ PA(x0). Put λ = f(x0). Put F0 =
{
x ∈ X :
|f(x)− λ| ≥ |λ|/2} and
Fn =
{
x ∈ X : |λ|
2n+1
≤ |f(x)− λ| ≤ |λ|
2n
}
(n = 1, 2, . . .).
Then F0, F1, · · · , Fn, · · · are closed subsets of X which do not contain
x0. Since x0 is a p-point, there exists a sequence of peaking functions
{vn}∞n=0 such that vn(x0) = 1 and |vn| < 1/2 on Fn holds for every
non-negative integer n. Let D¯ be the closed unit disk {z ∈ C : |z| ≤ 1}
and Ω¯ = {z ∈ D¯|Rez ≥ 0}. Put pi(z) = i
√
(z+i)/(iz+1)−i√
(z+i)/(iz+1)+i
. Then pi is a
homeomorphism from D¯ onto Ω¯ such that pi(1) = 1, pi(−1) = 0 and pi
is analytic on the open unit disk D onto the interior Ω of Ω¯. For every
positive real number ε there exists a positive real number δε which
satisfies that |pi(z)| < ε holds for every z ∈ D¯ with |z + 1| < δε. For
every positive real number δ there exists a Mo¨bius transformation φδ
from D¯ onto D¯ such that φδ(1) = 1 and |φδ(z) + 1| < δ holds for every
complex number z with |z| < 1/2. Put u0 = pi ◦ φδ|f(x0)|/‖f‖∞(X) ◦ v0.
For a positive integer n, put un = pi ◦ φδ1/(2n+1) ◦ vn. Note that pi ◦ φε
is approximated by analytic polynomials on D¯ since it is continuous
on D¯ and analytic on D. Thus un ∈ A for every non-negative integer
n. We also see that for every non-negative integer n Reun > 0 on
X since vn(X) ⊂ D ∪ {1}. By the definition of φε we also see that
|u0| < |λ|/‖f‖∞(X) on F0 and |un| < 1/(2n+1) on Fn for every positive
integer n.
Now put
u = u0
∞∑
k=1
uk
2k
.
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The above series is majorized by the convergent series
∑
1
2k
, so u is in
A. Since Reu > 0 on X , we see that u ∈ expA ⊂ A−1. Moreover, u is
easily seen to be a function in P 0A(x0).
Put g = (1/λ)fu. Then this g is a desired function. Choose an
arbitrary x ∈ X . If x ∈ F0, then we have
|g(x)| = 1|λ| |f(x)| |u0(x)|
∞∑
k=1
|uk(x)|
2k
<
1
|λ|‖f‖∞(X)
|λ|
‖f‖∞(X)
∞∑
k=1
1
2k
= 1.
If x ∈ Fn for some positive integer n, then
|g(x)| = 1|λ| |f(x)| |u0(x)|
(
|un(x)|
2n
+
∑
k 6=n
|uk(x)|
2k
)
≤ 1|λ| (|f(x)− λ|+ |λ|)
(
|un(x)|
2n
+
∑
k 6=n
1
2k
)
<
1
|λ|
( |λ|
2n
+ |λ|
)(
1
2n
1
2n + 1
+ 1− 1
2n
)
= 1.
If x ∈ X \ ∪∞n=0 Fn, then f(x) = λ and so g(x) = u(x). Thus we
have that g(X) ⊂ D ∪ {1} and g(x0) = u(x0) = 1, so the proof is
completed. 
3. Multiplicatively norm-preserving maps between
invertible groups
Multiplicatively norm-preserving maps on uniform algebras are re-
cently studied by Lambert, Luttman and Tonev [7]. We show the
following, which is a generalization of Theorem 1 in [7].
Theorem 3.1. Let A and B be uniform algebras on compact Hausdorff
spaces X and Y respectively. Let T be a map from A−1 onto B−1.
Suppose that
‖TfTg‖∞(Y ) = ‖fg‖∞(X)
holds for every f, g ∈ A−1. Then there exists a homeomorphism φ
from Ch(B) onto Ch(A) such that |Tf(y)| = |f(φ(y))| holds for every
f ∈ A−1 and y ∈ Ch(B).
Note that T need not be injective.
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Proof. Let y ∈ Ch(B) and put
Ly = {x ∈ X : |f(x)| = 1 for every
f ∈ A−1 with |Tf(y)| = 1 = ‖Tf‖∞(Y )}.
We show that Ly 6= ∅. Let f1, . . . , fn ∈ A−1 such that |Tfj(y)| = 1 =
‖Tfj‖∞(Y ) for j = 1, 2, . . . , n. We show that
∩nj=1|fj|−1(1) 6= ∅.
By ‖T1T1‖∞(Y ) = ‖12‖∞(X) = 1 we have that |T1| ≤ 1 on Ch(B).
We show that |T1| = 1 on Ch(B). Suppose that |T1(y)| < 1 for some
y ∈ Ch(B). Then by Lemma 2.1 there exists an H ∈ P 0B(y) such that
‖T1H‖∞(Y ) = |T1(y)|. Choose an h ∈ A−1 with Th = H . Then we
have that ‖h‖∞(X) = 1 since ‖h2‖∞(X) = ‖H2‖∞(Y ) = 1 and ‖ · ‖∞(·) is
a uniform norm. It follows that ‖T1H‖∞(Y ) = ‖h‖∞(X) = 1, which is a
contradiction. Thus we see that |T1| = 1 on Ch(B). Thus we see that
‖f‖∞(X) = ‖1f‖∞(X) = ‖T1Tf‖∞(Y ) = ‖Tf‖∞(Y )
holds for every f ∈ A−1. Put F = ∏nj=1 Tfj. Then |F (y)| = 1 =
‖F‖∞(Y ). Since T is a surjection we can choose f ∈ A−1 such that
Tf = F . Then there exists x0 ∈ X with
|f(x0)| = ‖f‖∞(X) = ‖F‖∞(Y ) = 1
since ‖f‖∞(X) = ‖Tf‖∞(Y ) = ‖F‖∞(Y ) = 1. Since Tf =
∏n
j=1 Tfj and
‖Tfj‖∞(Y ) = 1 = ‖Tf‖∞(Y ), we have |Tf |−1(1) ⊂ |Tfj|−1(1), so
|f |−1(1) ∩ Ch(A) ⊂ |fj |−1(1).
(Suppose that there exists x1 ∈ Ch(A) such that |f(x1)| = 1 and
|fj(x1)| 6= 1. Then |fj(x1)| < 1 for ‖fj‖∞(X) = 1. Then there exists
a u ∈ P 0A(x1) such that |ufj| < 1 on X , so that 1 > ‖ufj‖∞(X) =
‖TuTfj‖∞(Y ). On the other hand, since 1 = ‖uf‖∞(X) = ‖TuTf‖∞(Y ),
there exists a y1 ∈ Y such that |Tu(y1)Tf(y1)| = 1, so that
|Tu(y1)| = 1 = |Tf(y1)|
holds since ‖Tu‖∞(Y ) = ‖u‖∞(X) and ‖Tf‖∞(Y ) = 1. Since |Tf |−1(1) ⊂
|Tfj|−1(1) we see that |Tu(y1)Tfj(y1)| = 1, so ‖TuTfj‖∞(Y ) = 1, which
is a contradiction.) Thus we see that
∩nj=1|fj|−1(1) ⊃
(|f |−1(1)) ∩ Ch(A).
Note that (|f |−1(1))∩Ch(A) 6= ∅. (Since ‖f‖∞(X) = 1, there is an x ∈
Ch(A) with |f(x)| = 1. Then f−1(f(x)) is a peak set since (1+f(x)f)/2
peaks on f−1(f(x)). Then
∅ 6= Ch(A) ∩ f−1(f(x)) ⊂ Ch(A) ∩ |f |−1(1).)
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Then ∩nj=1|fj |−1(1) 6= ∅. By the finite intersection property we see that
Ly 6= ∅.
Next we show that Ly is a singleton and the unique element in Ly is
an element in Ch(A). Let x2 ∈ Ly and f ∈ A−1 such that |Tf(y)| =
1 = ‖Tf‖∞(Y ). Then we have |f(x2)| = 1 by the definition of Ly. Put
f˜ = (f(x2)f + 1)/2. Then f˜ is a peak function such that f˜(x2) = 1.
We see that f˜−1(1) ⊂ |f |−1(1), so
x2 ∈ ∩f f˜−1(1) ⊂ Ly.
Since ∩f f˜−1(1) is a p-set, there is an
x0 ∈
(
∩f f˜−1(1)
)
∩ Ch(A).
We show that Ly = {x0}. Suppose that x3 ∈ Ly \ {x0}. Then there
exists a u ∈ P 0A(x0) such that |u(x3)| < 1. Since ‖Tu‖∞(Y ) = 1 we see
that |Tu(y)| < 1 by the definition of Ly. (Suppose that |Tu(y)| = 1.
Then |u| = 1 on Ly, which is a contradiction. So |Tu(y)| 6= 1, and
since ‖Tu‖∞(Y ) = 1, we have that |Tu(y)| < 1.) Then there exists a
F ′ ∈ P 0B(y) such that ‖F ′Tu‖∞(Y ) < 1. Since T is a surjection, there
is an f ′ ∈ A−1 such that Tf ′ = F ′. Then we have that
1 > ‖Tf ′Tu‖∞(Y ) = ‖f ′u‖∞(X).
Since
Tf ′(y) = F ′(y) = 1 = ‖F ′‖∞(Y ) = ‖Tf ′‖∞(Y ),
we have |f ′| = 1 on Ly, so we see that |f ′(x0)u(x0)| = 1, so ‖f ′u‖∞(X) =
1, which is a contradiction. We see that Ly = {x0} and x0 ∈ Ch(A).
Put a function φ from Ch(B) into Ch(A) by φ(y) = x0, the unique
element in Ly. We show that |Tf(y)| = |f(φ(y))| holds for every
f ∈ A−1 and y ∈ Ch(B). For the case where f ∈ A−1 satisfies that
|Tf(y)| = 1 = ‖Tf‖∞(Y ), we see that |Tf(y)| = |f(φ(y))| holds for
every y ∈ Ch(B) by the definition of φ. Let f be an arbitrary function
in A−1. Since f(φ(y)) 6= 0, there exists an h ∈ P 0A(φ(y)) such that
σpi(fh) = {f(φ(y))} by Lemma 2.1, so we see that
|f(φ(y))| = ‖fh‖∞(X) = ‖TfTh‖∞(Y ) ≥ |Tf(y)Th(y)|.
We see that |Th(y)| = 1. (Suppose not. Then |Th(y)| < 1 since
‖h‖∞(X) = ‖Th‖∞(Y ) = 1. Then there is an H ′ ∈ P 0B(y) such that
‖ThH ′‖∞(Y ) < 1. Choose an h′ ∈ A−1 with Th′ = H ′. Then |h′(φ(y))| =
1 by the definition of Ly. We see that
‖ThH ′‖∞(Y ) = ‖hh′‖∞(X) ≥ |h(φ(y))h′(φ(y))| = 1,
which is a contradiction.) It follows that |f(φ(y))| ≥ |Tf(y)|. On the
other hand there exists anH ′′ ∈ P 0B(y) such that σφ(TfH ′′) = {Tf(y)}.
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Choose an h′′ ∈ A−1 with Th′′ = H ′′. Since Th′′(y) = 1 = ‖Th′′‖, we
have |h′′(φ(y))| = 1 by the definition of Ly. Thus
(3.1) |Tf(y)| = ‖TfH ′′‖∞(Y ) = ‖fh′′‖∞(X)
≥ |f(φ(y))h′′(φ(y))| = |f(φ(y))|.
It follows that |Tf(y)| = |f(φ(y))|.
Next we show that φ is continuous. Let y ∈ Ch(B). Suppose that
{yα} is a net in Ch(B) which converges to y. Let f ∈ A−1. Since
Tf(yα) → Tf(y), and |Tf(yα)| = |f(φ(yα))| and |Tf(y)| = |f(φ(y))|,
we see that |f(φ(yα)| → |f(φ(y))|. By the Alexandroff theorem the
original topology on X coincides with the weak topology on X which
is induced by the family {|f | : f ∈ A−1}. It follows that φ(yα)→ φ(y).
We see that φ is a continuous map from Ch(B) into Ch(A).
We show that φ is a homeomorphism. For that purpose we show that
there exists a continuous function ψ from Ch(A) into Ch(B) such that
φ◦ψ and ψ◦φ are identity functions on Ch(A) and Ch(B) respectively.
Although we need some consideration since T needs not be injective, a
proof of the existence of ψ is similar to that of φ. Let x ∈ Ch(A). Put
Kx = {y ∈ Y : |Tf(y)| = 1 for every
f ∈ A−1 with |f(x)| = 1 = ‖f‖∞(X)}.
Suppose that f1, . . . , fn ∈ A−1 with |fj(x)| = 1 = ‖fj‖∞(X) for every
j = 1, . . . , n. We show that ∩nj=1|Tfj|−1(1) 6= ∅. It will follow that
Kx 6= ∅ by the finite intersection property. Put f =
∏n
j=1 fj . Since
|fj(x)| = 1 = ‖fj‖∞(X) we have that |f(x)| = 1 = ‖f‖∞(X). Put
Tf = F . Since |T1| = 1 on Ch(B), we see that
‖F‖∞(Y ) = ‖F‖∞(Ch(B)) = ‖FT1‖∞(Ch(B))
= ‖FT1‖∞(Y ) = ‖f‖∞(X) = 1
Thus there exists a y0 ∈ Ch(B) with |F (y0)| = 1. Since |f |−1(1) ⊂
|fj|−1(1), we have that
Ch(B) ∩ |F |−1(1) ⊂ |Tfj|−1(1).
(Suppose not. There exists y1 ∈ Ch(B) with
|F (y1)| = 1 > |Tfj(y1)|
since ‖Tfj‖∞(Y ) = 1. Then there exists an
H ∈ P 0B(y1)
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with ‖TfjH‖∞(Y ) < 1. Since |FH(y1)| = 1, we have ‖FH‖∞(Y ) = 1.
Choose an h ∈ A−1 with Th = H . Then
‖fjh‖∞(X) = ‖TfjTh‖∞(Y ) = ‖TfjH‖∞(Y ) < 1.
On the other hand, we have 1 = ‖FH‖∞(Y ) = ‖fh‖∞(X). Since
|f |−1(1) ⊂ |fj|−1(1), we have that‖fjh‖∞(X) = ‖fh‖∞(X) = 1, which is
a contradiction.) Thus we have that
Ch(B) ∩ |F |−1 ⊂ ∩nj=1|Tfj|−1(1).
It follows that ∩nj=1|Tfj|−1(1) 6= ∅ since Ch(B) ∩ |F |−1(1) 6= ∅. (There
exists a y2 ∈ Y with |F (y2)| = 1 since ‖F‖ = 1. Then (F (y2)F + 1)/2
is a peak function which peaks on F−1(F (y2)). Thus we have that
y2 ∈ Ch(B) ∩ F−1(F (y2)) ⊂ Ch(B) ∩ |F |−1(1).)
Next we show that Kx is a singleton. Suppose that y1 ∈ Kx. Then
|Tf(y1)| = 1 for every f ∈ A−1 with |f(x)| = 1 = ‖f‖∞(X). For an
f ∈ A−1 with
|f(x)| = 1 = ‖f‖∞(X),
put
F˜ = (Tf(y1)Tf + 1)/2.
Then F˜ is a peak function such that F˜ (y1) = 1 since ‖Tf‖∞(Y ) = 1.
Thus y1 ∈ ∩F˜−1(1) ⊂ Kx, where ∩ takes for all F˜ = (Tf(y1)Tf +1)/2
for f ∈ A−1 with |f(x)| = 1 = ‖f‖∞(X). Since ∩F˜−1(1) is a p-set, there
exists an y0 ∈
(
∩F˜−1(1)
)
Ch(B). We show that {y0} = Kx. Suppose
that y3 ∈ Kx\{y0}. Then there exists an H ∈ P 0B(y0) with |H(y3)| < 1.
Choose an h ∈ A−1 with Th = H . Then ‖h‖∞(X) = ‖H‖∞(Y ) = 1.
Suppose that |h(x)| = 1. Then |H| = 1 on Kx by the definition of
Kx, which contradicts to |H(y3)| < 1. Thus we have that |h(x)| 6= 1,
so |h(x)| < 1 since ‖h‖∞(X) = ‖H‖∞(Y ) = 1. Thus there exists an
f ∈ P 0A(x) with ‖fh‖∞(X) < 1, so ‖TfH‖∞(Y ) = ‖fh‖∞(X) < 1. On
the other hand we have that |Tf(y0)| = 1 since |Tf | = 1 on Kx by
the definition of Kx. Thus we have that ‖TfH‖∞(Y ) = 1, which is a
contradiction proving that Kx = {y0}.
Put a function ψ from Ch(A) into Ch(B) by ψ(x) = y0, the unique
element ofKx. Then by the definition ofKx, we have that |Tf(ψ(x))| =
|f(x)| for every f ∈ A−1 with |f(x)| = 1 = ‖f‖∞(X). We show that
|Tf(ψ(x))| = |f(x)| holds for every f ∈ A−1. Let f ∈ A−1. Then there
exists an h ∈ P 0A(x) with σpi(fh) = {f(x)}. Thus we see that
|f(x)| = ‖fh‖∞(X) = ‖TfTh‖∞(Y ) ≥ |Tf(ψ(x))Th(ψ(x))|.
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Since |Th(ψ(x))| = 1 by the definition of Kx, we see that |Tf(ψ(x))| ≤
|f(x)|. On the other hand, there exists an H ′ ∈ P 0B(ψ(x)) with
σpi(TfH
′) = {Tf(ψ(x))}.
Choose a function h′ ∈ A−1 with Th′ = H ′. Then
‖h′‖∞(X) = ‖H ′‖∞(Y ) = 1.
We also see that |h′(x)| = 1. (Suppose not. Then |h′(x)| < 1. Then
there exists an h′′ ∈ P 0A(x) with ‖h′h′′‖ < 1. We also have that
‖h′h′′‖∞(X) = ‖H ′Th′′‖∞(Y ) ≥ |H ′(ψ(x))||Th′′(ψ(x))|.
By the definition of Kx, we have that |Th′′(ψ(x))| = 1 since h′′(x) =
1 = ‖h′′‖∞(X). Since H ′ ∈ P 0B(ψ(x)), we have that |H ′(ψ(x))| = 1, so
‖h′h′′‖∞(X) ≥ 1, which is a contradiction. ) Thus we have that
|Tf(ψ(x))| = ‖TfH ′‖∞(Y ) = ‖fh′‖∞(X) ≥ |f(x)h′(x)| = |f(x)|,
so that |Tf(ψ(x))| = |f(x)|.
We show that ψ is continuous. Suppose that x ∈ Ch(A) and {xα} is
a net which converges to x. Then for every f ∈ A=1 we have that
|Tf(ψ(xα))| = |f(xα)| → |f(x)| = |Tf(xα)|.
Since T is a surjection, we see that |F (ψ(xα))| → |F (x)| holds for
every F ∈ B−1. By the Alexandroff theorem the original topology on
Y and the weak topology on Y induced by the family {|F | : F ∈ B−1}
coincides. So we see that ψ(xα) → ψ(x). Thus we see that ψ is
continuous on Ch(A).
By the first part of the proof we have that |Tf(y)| = |f(φ(y))| holds
for every f ∈ A−1 and y ∈ Ch(B), so we see that
|Tf(y)| = |f(φ(y))| = |Tf(ψ(φ(y)))|
hold for every f ∈ A−1. Since T (A−1) = B−1 and {|F | : F ∈ B−1}
separates the points of Y , we see thatψ ◦ φ(y) = y holds for every
y ∈ Ch(B). Since
|f(x)| = |Tf(ψ(x))| = |f(φ(ψ(x)))|
hold for every x ∈ Ch(A), in a way similar, we also see that φ ◦
ψ(x) = x holds for every x ∈ Ch(A). It follows that φ and ψ are
bijections and φ−1 = ψ. Since φ and ψ are continuous, we see that φ
is a homeomorphism from Ch(B) onto Ch(A). 
Note that under the hypotheses of Theorem 3.1 the map T need not
be extended to a linear map from A into B. On the other hand we show
that two unital commutative C∗-algebras are algebraically isomorphic
to each other if there exists a surjective group homomorphisms which
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preserves the norm (cf. Corollary 3.4). The results compares with the
following example which is presented in [14, Remark 1.7.8.].
Example 3.2. [14] Let X1 = [0, 1] ∪ {2} and X2 = [−1,−12 ] ∪ [12 , 1].
Suppose that T is a group isomorphism from C(X1)
−1 onto C(X2)−1
such that
Tf(y) =
{
f(y + 1), y ∈ [−1,−1
2
]
f(2)f(y), y ∈ [1
2
, 1].
Then T is a homeomorphism with respect to the relative topologies on
C(X1)
−1 and C(X2)−1 which are induced by the supremum norms on
C(X1) and C(X2) respectively. On the other hand C(X1) is not alge-
braically isomorphic to C(X2) since X1 and X2 is not homeomorphic.
In this example sup
‖Tf‖∞(X2)
‖f‖∞(X1)
= ∞ and inf ‖Tf‖∞(X2)‖f‖∞(X1) = 0. In Corol-
lary 3.4 we show that if a group homomorphism from C(X)−1 onto
C(Y )−1 for compact Hausdorff spacesX and Y satisfies that sup
‖Tf‖∞(X2)
‖f‖∞(X1)
<
∞ and inf ‖Tf‖∞(X2)‖f‖∞(X1) > 0, then C(X) is algebraically isomorphic to
C(Y ). Note that such a T may not be extended an algebra isomor-
phism (cf. Example 3.6).
Corollary 3.3. Let A and B be uniform algebras on compact Haus-
dorff spaces X and Y respectively. Suppose that T is a group homo-
morphism from A−1 onto B−1 which satisfies that inf ‖Tf‖∞(X2)‖f‖∞(X1) > 0
and sup
‖Tf‖∞(X2)
‖f‖∞(X1)
<∞ Then there is a homeomorphism φ from Ch(B)
onto Ch(A) such that an equality |Tf(y)| = |f(φ(y))| holds for every
f ∈ A−1 and y ∈ Ch(B).
Proof. First we show that ‖Tf‖∞(Y ) = ‖f‖∞(X) holds for every f ∈ A.
Suppose not. If ‖Tf1‖∞(Y ) > ‖f1‖∞(X) for some f1 ∈ A−1, then we have
that limn→∞
‖Tfn1 ‖∞(Y )
‖fn1 ‖∞(X) = ∞ for T is multiplicative. If ‖Tf2‖∞(Y ) <
‖f2‖∞(X) for some f2 ∈ A−1, then we have that limn→∞ ‖Tf
n
2 ‖∞(Y )
‖fn2 ‖∞(X) = 0.
In any case we have a contradiction. Thus we see that ‖Tf‖∞(Y ) =
‖f‖∞(X) for every f ∈ A−1. Since T preserves multiplication we see
that
‖TfTg‖∞(Y ) = ‖fg‖∞(X)
holds for every pair f and g in A. Then by Theorem 3.1 we see that
the conclusion holds. 
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Corollary 3.4. Suppose that X and Y are compact Hausdorff spaces
and T : C(X)−1 → C(Y )−1 is a surjective group homomorphism. If
sup
‖Tf‖∞(Y )
‖f‖∞(X) <∞ and inf
‖Tf‖∞(Y )
‖f‖∞(X) > 0, then C(X) is isometrically and
algebraically isomorphic to C(Y ).
Proof. By Proposition 3.3 there is a homeomorphism fromX onto Y , so
that C(X) is isometrically and algebraically isomorphic to C(Y ). 
Note that a norm preserving group homomorphism from C(X)−1
onto C(Y )−1 need not be injective.
Example 3.5. Let X be the closed unit interval of the real numbers.
Put T : C(X)−1 → C(X)−1 be defined as T (f) = f 2/|f | for each
f ∈ C(X)−1. Then T is a norm-preserving group homomorphism. For
any F ∈ C(X)−1, choose f ∈ C(X)−1 with f 2 = F |F |. Such an f
exists since C(X)−1 is closed under the square-root-operation (cf. [3]),
that is, for every h ∈ C(X)−1 there exists g ∈ C(X)−1 with g2 = h.
Then Tf = F , so we see that T is a surjection onto C(X)−1. Since
T (f) = T (−f), T is not injective.
Note also that the map T in Corollary 3.4 need not be extended to
an algebra isomorphism from C(X) onto C(Y ) even if T is injective.
An example is as follows.
Example 3.6. Let C(X) be the usual Banach algebra of complex-
valued continuous functions on a compact Hausdorff space X and A
the direct sum C(X)⊕C(X). Note that A is isometrically isomorphic
to C(X1∪X2), where X1 and X2 are two copies of X . Let T be a map
from A−1 into itself defined by
T (f ⊕ g) = f
2g
|fg| ⊕
f 3g2
|f 3g| f ⊕ g ∈ A.
Then T is a norm preserving group automorphism on A−1 while T is
not extended to a linear map on A.
Proof. Clearly T is a norm preserving group endomorphism onA−1. We
only show that T is a bijection. Let h1 ⊕ h2 be an arbitrary function
in A−1. Put f = (h21|h2|)/(h2|h1|) and g = (h22|h1|3)/(h31|h2|). Then by
a simple calculation that T (f ⊕ g) = h1⊕ h2 and this f ⊕ g is the only
a function with T (f ⊕ g) = h1 ⊕ h2. 
Even if a group isomorphism between the invertible groups of uniform
algebras preserve the norm, it can be discontinuous.
Example 3.7. Let CR([0, 1]) denote the real Banach space of all real-
valued continuous functions on the closed unit interval [0, 1] and {uλ}λ∈Λ
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a basis for CR([0, 1]) as a real linear space such that 1 ∈ {uλ}λ∈Λ and
‖uλ‖∞([0,1]) = 1 for every λ ∈ Λ. Suppose that {un} and {vn} are
disjoint countable subsets of {uλ}λ∈Λ and u1 = 1. Without loss of
generality we may assume that un([0, 1]) = [0, 1] and vn([0, 1]) = [0, 1]
for every positive integer n. Let R be the linear isomorphism from
CR([0, 1]) onto itself such that
R(uλ) =

uλ, if uλ ∈ {uλ}λ∈Λ} \ ({un} ∪ {vn})(
1
3n
+ 1
2
)
vn, if uλ = vn for some n,
nun, if uλ = un for some n.
By a simple calculation we have that R is not a bounded as linear
transformation on the Banach space CR([0, 1]) and 2R − I is a linear
isomorphism from CR([0, 1]) onto itself, where I is the identity operator.
Put T : expC([0, 1])→ expC([0, 1]) defined by
T (exp f) = exp(f − i2R(Imf)), exp f ∈ expC([0, 1]),
where Imf denotes the imaginary part of f . Since R(u1) = u1 and
since expC([0, 1]) = (C([0, 1]))−1 by [2, Corollary III.7.4], it is easy to
see that T is well-defined and is a group isomorphism form (C([0, 1]))−1
onto itself such that ‖Tg‖∞([0,1]) = ‖g‖∞([0,1]) for every g ∈ (C([0, 1]))−1.
Put fn =
i√
n
un for every positive integer n. Then ‖ exp fn−1‖∞([0,1]) →
0 as n→∞. On the other hand we have that T (exp fn) = exp(( 1√n −
2
√
n)iun), so that T (exp fn) 6→ 1 = T1 since un([0, 1]) = [0, 1] for every
n; T is not continuous. Put gn = − i3√nvn. We see in a way similar to
the above that ‖ exp gn − 1‖∞([0,1]) → 0 and T−1(exp gn) 6→ 1 = T1;
T−1 is not continuous.
4. Multiplicatively spectrum-preserving maps between
invertible groups
The following corollary is a version of a theorem of Luttman and
Tonev [8]. Another slight generalization of the theorem of Luttman
and Tonev is given in the last section (cf. 7.3).
Corollary 4.1. Let A and B be uniform algebras on compact Hausdorff
spaces X and Y respectively and T a map from A−1 onto B−1 such that
the inclusion
σpi(TfTg) ⊂ σpi(fg)
holds for every pair f, g ∈ A−1. Then (T1)2 = 1 and there exists a
homeomorphism φ from Ch(B) onto Ch(A) such that the equality
Tf(y) = T1(y)f(φ(y)), y ∈ Ch(B)
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holds for every f ∈ A−1. Thus T/T1 is extended to an isometrical
algebra isomorphism from A onto B. In particular, T is extended to
an isometrical algebra isomorphisms from A onto B if T1 = 1.
Proof. First we consider the case where T1 = 1. For every pair f and g
in A−1 the equality ‖TfTg‖∞(Y ) = ‖fg‖∞(X) holds since σpi(TfTg) ⊂
σpi(fg). Then by Theorem 3.1 there exists a homeomorphism φ from
Ch(B) onto Ch(A) such that the equality |Tf(y)| = |f(φ(y))| holds for
every y ∈ Ch(A) and f ∈ A−1.
Let y ∈ Ch(B) and u ∈ P 0A(φ(y). Since we have assumed that
T1 = 1, we see that
σpi(Tu) = σpi(TuT1) ⊂ σpi(u · 1) = {1},
that is, Tu ∈ P 0B and σpi(Tu) = {1}. On the other hand since |Tu(y)| =
|u(φ(y))| = 1, we see that Tu(y) = 1 and so Tu ∈ P 0B(y). Thus we
conclude that
T (P 0A(φ(y))) ⊂ P 0B(y).
Let f ∈ A−1 and y ∈ Ch(B). Then by Lemma 2.1 there exists
a u ∈ P 0A(φ(y)) such that σpi(fu) = {f(φ(y))}. Then we have that
σpi(TfTu) = {f(φ(y))}. Thus we see that
|f(φ(y)| = ‖TfTu‖∞(Y ) ≥ |Tf(y)Tu(y)| = |Tf(y)| = |f(φ(y))|
hold since Tu ∈ P 0B(y), so ‖TfTu‖∞(Y ) = |Tf(y)|. It follows that
Tf(y) = f(φ(y)) since σpi(TfTu) = {f(φ(y))}.
We consider the general case and prove that (T1)2 = 1. First we have
that ‖T1‖∞(Y ) = 1 since σpi(T1T1) ⊂ σpi(1) = {1} and ‖(T1)2‖∞(Y ) =
‖T1‖∞(Y ). Suppose that there exists a y ∈ Ch(B) with (T1(y))2 6= 1.
Then we see that |(T1(y)| < 1 since σpi((T1)2) ⊂ {1}. Then by Lemma
2.1 there exists a U ∈ P 0B(y) such that ‖T1U‖∞(Y ) < 1. Since TA−1 =
B−1, there exists a u ∈ A−1 with Tu = U . Then σpi(T1U) = {1}
since σpi(T1U) ⊂ σpi(u1) = {1} and σpi(T1U) 6= ∅. This contradicts to
‖T1U‖∞(Y ) < 1. We conclude that (T1(y))2 = 1 for every y ∈ Ch(B),
and so (T1)2 = 1 for Ch(B) is a boundary for B. Put T˜ = T/T1. Then
T˜ is a well-defined map from A−1 into B−1. By a simple calculation
we see that T˜ (A−1) = B−1. We see that T˜1 = 1 by the definition of T˜
and that
σpi(T˜ f T˜ g) ⊂ σpi(fg)
holds for every pair f and g in A−1 since (T1)2 = 1, . Then by the first
part of the proof there exists a homeomorphism φ from Ch(B) onto
Ch(A) such that
T˜ f(y) = f(φ(y)), y ∈ Ch(B)
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holds for every f ∈ A−1. Thus we see that
Tf(y) = T1(y)f(φ(y)), y ∈ Ch(B)
holds for every f ∈ A−1. Since Ch(B) is a boundary for B, the restric-
tion map R : B → B|Ch(B) is a bijective isometrical algebra isomor-
phism. Put Te : A → B|Ch(B) by Tef(y) = f(φ(y) for f ∈ A. Then
Te is well-defined and it is easy to see that R
−1 ◦ Te is an isometrical
algebra isomorphism from A onto B which is an extension of T . 
Corollary 4.2. Let A and B be uniform algebras and T a group ho-
momorphism from A−1 onto B−1 which satisfies that
σpi(Tf) ⊂ σpi(f)
holds for every f ∈ A−1. Then T is extended to an isometrical algebra
isomorphism from A onto B.
Proof. We see that T1 = 1 since T is a surjective group homomorphism.
We also see that σpi(TfTg) ⊂ σpi(fg) holds for every pair f and g in
A−1 since TfTg = Tfg. The conclusion follows from Corollary 4.1.

Corollary 4.3. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T
is a surjective group homomorphism from A−1 onto B−1 such that
σ(Tf) = σ(f)
holds for every f ∈ A−1. Then T is extended to an algebra isomorphism
from A onto B. In particular, B is semisimple.
Proof. Since
σ(
Tf
Tg
) = σ(T (
f
g
)) = σ(
f
g
)
hold for every pair f and g in A−1, we see that T is injective.
First we consider the case where B is semisimple. Recall that we
denote the uniform closure of the Gelfand transform of A in C(MA)
(resp. B in C(MB)) by clA (resp. clB). We may consider that A ⊂ clA
(resp. B ⊂ clB) since A (resp. B) is semisimple. Note that the maxi-
mal ideal space MclA (resp. MclB) is homeomorphic toMA (resp. MB).
In fact, the correspondence between complex homomorphisms on clA
(resp. clB) and its restrictions on A (resp. B) gives a homeomorphism
between MclA and MA (resp. MclB and MB). Thus the spectrum of
f ∈ clA (resp. f ∈ clB) is coincide with f(MA) (resp. f(MB)); we
denote the spectrum with respect to clA (resp. clB) also by σ(f).
We extend T to a group homomorphism from (clA)−1 onto (clB)−1
such that σ(Tf) = σ(f) holds for every f ∈ (clA)−1. Suppose that f ∈
16
(clA)−1. Then there is a sequence {fn} in A such that ‖fn−f‖∞(MA) →
0 as n → ∞. We may assume that {fn} ⊂ A−1. Since |f | > 0 on
MA, we may assume without loss of generality that there is a positive
numberM such that 1
M
< |fn| < M onMA. So | fnfm−1| ≤M |fm−fn| on
MA. Since T is a group homomorphism with the assumption concerning
the spectrum we see that
σ(
Tfn
Tfm
) = σ(T (
fn
fm
)) = σ(
fn
fm
),
so that ‖ Tfn
Tfm
− 1‖∞(MB) = ‖ fnfm − 1‖∞(MA). It follows that
‖Tfn − Tfm‖∞(MB) ≤ ‖
Tfn
Tfm
− 1‖∞(MB)‖Tfm‖∞(MB)
≤M2‖fn − fm‖∞(MA)
since ‖Tfm‖∞(MB) = ‖fm‖∞(MA). Therefore {Tfn} is a Cauchy se-
quence with respect to the supremum norm and the uniform limit F
is in clB. Since σ(Tfn) = σ(fn) and
1
M
< |fn| < M holds on MA for
every n, we see that 1
M
< |Tfn| < M holds on MB for every n, so
|F | ≥ 1
M
on MB. Thus we see that F ∈ (clB)−1 since MclB =MB. By
a routine calculation the function F is independent of the choice of the
sequence {fn}. Put T˜ f = F . Then T˜ is a function from (clA)−1 into
(clB)−1 and T˜ = T on A−1.
We show that T˜ is a surjection. Let F ∈ (clB)−1. Then there is
a sequence {Fn} in B−1 which uniformly converges to F . In the way
similar to the above, we see that {T−1Fn} is a Cauchy sequence in
A−1 and converges uniformly to a function f ∈ (clA)−1. Then by the
definition of T˜ we see that T˜ f = F .
We show that σ(T˜ f) = σ(f) holds for every f ∈ (clA)−1. Suppose
that f ∈ (clA)−1. Then there exists a sequence {fn} in A−1 such that
‖fn−f‖∞(MA) → 0 as n→∞. Then by the definition of T˜ we see that
‖Tfn− T˜ f‖∞(MB) → 0 as n→∞. Suppose that λ ∈ σ(f). Then there
is an x ∈ MA with λ = f(x). Put λn = fn(x), so λn → λ as n → ∞.
On the other hand, for each positive integer n, there is yn ∈ MB such
that λn = Tfn(yn) since σ(fn) = σ(Tfn) for every n. Thus we have
|λ− T˜ f(yn)| ≤ |λ− λn|+ ‖Tfn − T˜ f‖∞(MB) → 0
as n→∞. Thus we have that λ ∈ σ(T˜ f), so that σ(f) ⊂ σ(T˜ f). The
reverse inclusion is proven in the same way; we see that σ(f) = σ(T˜ f).
We show that T˜ is a group homomorphism. Let f, g ∈ (clA)−1. Then
there are sequences {fn} and {gn} in A−1 such that ‖fn−f‖∞(MA) → 0
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and ‖gn−g‖∞(MB) → 0 as n→∞. So ‖fngn−fg‖∞(MA) → 0 as n→∞.
Then we see that
‖Tfn − T˜ f‖∞(MB) → 0, ‖Tgn − T˜ g‖∞(MB) → 0
and so
‖TfnTgn − T˜ f T˜ g‖∞(MB) → 0
as n→∞. We also have that
‖T (fngn)− T˜ (fg)‖∞(MB) → 0
as n → ∞ since ‖fngn − fg‖∞(MA) → 0 as n → ∞. It follows that
T˜ f T˜ g = T˜ (fg) since T (fngn) = TfnTgn.
Since σ(T˜ f) = σ(f) holds for every f ∈ (clA)−1, σpi(T˜ f) = σpi(f)
holds for every f ∈ (clA))−1. Thus applying Corollary 4.2 we see that T˜
is extended to an algebra isomorphism from clA onto clB. By a simple
calculation we see that the restriction of the extended isomorphism to
A is an algebra isomorphism from A onto B.
Finally we consider the general case. Let ΓB denote the Gelfand
transform of B. Then by a simple calculation we see that ΓB ◦ T is
a group homomorphism from A−1 onto (ΓB(B))−1, since ΓB(B−1) =
(ΓB(B))
−1. Then by the first part of the proof, we see that ΓB ◦ T
is extended to an algebra isomorphism from A onto ΓB(B). Then
we see that ΓB is injection from B
−1 onto (ΓB(B))−1. (Suppose that
g1, g2 ∈ B−1 with ΓB(g1) = ΓB(g2). Since T is surjection from A−1
onto B−1, there are f1, f2 ∈ A−1 with Tf1 = g1 and Tf2 = g2. Then
we have
ΓB ◦ T (f1) = ΓB(g1) = ΓB(g2) = ΓB ◦ T (f2).
Since ΓB ◦ T is an injection we see that f1 = f2, thus g1 = g2, that is,
ΓB is injective on B
−1. It follows by a simple calculation that ΓB is an
injection on B. Thus B is semisimple, and T is extended to an algebra
isomorphism from A onto B applying the first part of the proof. 
5. Non-symmetric multiplicatively norm-preserving maps
between invertible groups
Under the hypotheses in Theorem 3.1, the map T appearing in The-
orem 3.1 need not be linear nor multiplicative. For example, let A be
a uniform algebra on X and put a map ε from A into {−1, 1}. Then
the map T : A → A defined by Tf = ε(f)f , f ∈ A satisfies that the
equality ‖TfTg‖∞(X) = ‖fg‖∞(X) holds for every pair f and g in A
and T can be surjective which is not linear nor multiplicative according
to the choice of ε.
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In this section we consider non-symmetric multiplicatively norm-
preserving maps between invertible groups. Let A and B be unital
commutative Banach algebras and T a map from A−1 into B−1. We say
that T is non-symmetric multiplicatively (spectral) norm-preserving if
there exists a nonzero complex number α such that
‖T̂ fT̂ g − α‖∞(MB) = ‖fˆ gˆ − α‖∞(MA)
holds for every pair f and g in A, where MA (resp. MB) denotes the
maximal ideal space of A (resp. B). Multiplicatively norm-preserving
map corresponds to the case where α = 0, Although multiplicatively
norm-preserving maps need not be extended to linear nor multiplicative
maps, we show that non-symmetric ones are extended to real-linear and
multiplicative maps if T1 = 1 and T is surjective.
In the following, from Lemma 5.1 to Lemma 5.11, A and B are
uniform algebras on compact Hausdorff spaces X and Y respectively
and T is a map from A−1 onto B−1 such that
‖TfTg − 1‖∞(Y ) = ‖fg − 1‖∞(X)
holds for every f, g ∈ A−1.
Lemma 5.1. T is an injection. The equality ‖TfTg‖∞(Y ) = ‖fg‖∞(X)
holds for every f, g ∈ A−1.
Proof. First we show that T is an injection. Suppose that Tf = Tg.
Then we have that
0 = ‖gg−1‖∞(X) = ‖TgTg−1 − 1‖∞(Y )
= ‖TfTg−1 − 1‖∞(Y ) = ‖fg−1 − 1‖∞(X).
Thus we see that fg−1 = 1, so f = g.
Next we show that ‖TfTg‖∞(Y ) = ‖fg‖∞(X) holds for every f, g ∈
A−1. Since
‖T1T1− 1‖∞(Y ) = ‖12 − 1‖∞(X) = 0,
we see that (T1)2 = 1. Put T˜ = T
T1
. Then by a simple calculation we
see that T˜ is a map from A−1 onto B−1 and the equality
‖T˜ f T˜ g − 1‖∞(y) = ‖fg − 1‖∞(X)
holds for every f, g ∈ A−1 since (T1)2 = 1. We show that the equality
‖T˜ f T˜ g‖∞(Y ) = ‖fg‖∞(X)
holds for every f, g ∈ A−1. It will follow that ‖TfTg‖∞(Y ) = ‖fg‖∞(X)
for every f, g ∈ A−1 since (T1)2 = 1. Since T˜1 = 1, we have for every
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positive integer n that
‖T˜ n− 1‖∞(Y ) = ‖T˜n 1− 1‖∞(Y ) = ‖n · 1− 1‖∞(X) = n− 1.
So we have that
n− 2 ≤ ‖T˜ n‖∞(Y ) ≤ n.
Let f ∈ A−1. Then we have that (T˜ f)−1 = T˜ (f−1) since
‖T˜ f T˜ (f−1)− 1‖∞(Y ) = ‖ff−1 − 1‖∞(X) = 0.
Put Kn = T˜ (nf)T˜ (f
−1). We see that
‖Kn − 1‖∞(Y ) = ‖T˜ (nf)T˜ (f−1)− 1‖∞(Y )
= ‖nff−1 − 1‖∞(X) = n− 1,
so we have that ‖Kn‖∞(Y ) ≤ n. For every g ∈ A−1, we have that∣∣n‖fg‖∞(X) − 1∣∣ ≤ ‖nfg − 1‖∞(X)
= ‖T˜ (nf)T˜ g − 1‖∞(Y ) ≤ ‖Kn‖∞(Y )‖T˜ f T˜ g‖∞(Y ) + 1.
It follows that
‖fg‖∞(X) − 1
n
≤ ‖Kn‖∞(Y )
n
‖T˜ f T˜ g‖∞(Y ) + 1
n
≤ ‖T˜ f T˜ g‖∞(Y ) + 1
n
,
and letting n→∞, we have that the inequality ‖fg‖∞(X) ≤ ‖T˜ f T˜ g‖∞(Y )
holds for every f, g ∈ A−1. T˜ is injective since T is. Applying the sim-
ilar argument to (T˜ )−1 instead of T˜ , we have that
‖FG‖∞(Y ) ≤ ‖(T˜ )−1F (T˜ )−1G‖∞(X)
holds for every F,G ∈ B−1. It follows that the equality ‖fg‖∞(X) =
‖T˜ f T˜ g‖∞(Y ) holds for every f, g ∈ A−1. Since (T1)2 = 1 we conclude
that the equality ‖TfTg‖∞(Y ) = ‖fg‖∞(X) holds for every f, g ∈ A−1.

By Theorem 3.1 we see that there exists a homeomorphism φ from
Ch(B) onto Ch(A) such that
|Tf(y)| = |f(φ(y))|, y ∈ Ch(B)
holds for every f ∈ A. In the following up to Lemma 5.11 φ denotes
this homeomorphism. Moreover we see that the following.
Lemma 5.2. |Tλ| = |λ| on Ch(B) and |T−1λ| = |λ| on Ch(A) for
every complex number λ.
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Lemma 5.3. Suppose that T1 = 1. For every complex number λ with
|λ| = 1 and λ 6= 1,−1, we have that
(T−1(λ))(Ch(A)) ⊂ Λ1 ∪ Λ2,
where Λ1 (resp. Λ2) is the closed arc on the closed unit circle with the
end points λ and −λ¯ (resp. λ¯ and −λ) which does not contain the real
number.
Proof. Note that T−1 is well-defined since T is an injection by Lemma
5.1. Then we have
(5.1) ‖T−1λ− 1‖∞(X) = ‖λ− 1‖∞(Y ) = |λ− 1|.
Since
‖T (−1)T (−1)− 1‖∞(Y ) = ‖(−1)2 − 1‖∞(X) = 0,
we have that (T (−1))2 = 1. Since T is injective by Lemma 5.1,
T (−1) 6= 1, so there exists y ∈ Ch(B) such that (T (−1))(y) = −1.
We have that
(5.2) ‖T−1λ+ 1‖∞(X) = ‖ − T−1λ− 1‖∞(X) = ‖T (−1)λ− 1‖∞(Y ).
Suppose that Reλ ≥ 0. We see that
‖T (−1)λ− 1‖∞(Y ) = |λ+ 1|
since (T (−1))2 = 1 and T (−1) takes the value −1. Thus we have by
the equation (5.2) that ‖T−1λ + 1‖∞(X) = |λ + 1| if Reλ ≥ 0. Recall
that ‖T−1λ− 1‖∞(X) = |λ− 1| by the equation (5.1) and |T−1λ| = |λ|
on Ch(A) by Lemma 5.2. It follows that (T−1λ)(Ch(A)) ⊂ {λ, λ¯} if
Reλ ≥ 0. Suppose that Reλ < 0. Then ‖T (−1)λ − 1‖∞(Y ) ≤ |λ − 1|
since (T (−1))2 = 1. Thus by the equations (5.1) and (5.2) we see that
(T−1(λ))(Ch(A)) ⊂ Λ1 ∪ Λ2.
In any case we have the conclusion. 
Lemma 5.4. Suppose that T1 = 1. Then T (P 0A(φ(y))) = P
0
B(y) holds
for every y ∈ Ch(B).
Proof. Suppose that u ∈ P 0A(φ(y)). Then by Lemma 5.1 we see that
‖Tu‖∞(Y ) = ‖u‖∞(X) = 1
since T1 = 1. First we show that σpi(Tu) = {1}. Suppose that α ∈
σpi(Tu) \ {1}. We have that
‖Tu− 1‖∞(Y ) = ‖u− 1‖∞(X) < 2
since T1 = 1 and σpi(u) = {1}, so α 6= −1. Thus
‖T−1(−α¯)u− 1‖∞(X) = ‖T−1(−α¯)u− 1‖∞(Ch(A)) < 2
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by Lemma 5.3. On the other hand, ‖ − α¯Tu − 1‖∞(Y ) = 2 since α ∈
σpi(Tu), which is a contradiction since
‖ − α¯Tu− 1‖∞(Y ) = ‖T−1(−α¯)u− 1‖∞(X).
We have that σpi(Tu) = {1} since σpi(Tu) is not empty. By Theorem
3.1 and Lemma 5.1 we have that
|Tu(y)| = |u(φ(y))| = 1,
so that Tu(y) = 1 since σpi(Tu) = {1}. We have proved that Tu ∈
P 0B(y) for every u ∈ P 0A(φ(y)). Since T is injection by Lemma 5.1, we
have in a way similar to the above that T−1(P 0B(y)) ⊂ P 0A(φ(y)). Then
the conclusion holds. 
Lemma 5.5. Suppose that T1 = 1. Then T (−1) = −1.
Proof. Since
‖T (−1)T (−1)− 1‖∞(Y ) = ‖(−1)2 − 1‖∞(X) = 0,
we see that (T (−1))2 = 1. Suppose that there is a y ∈ Ch(B) such that
(T (−1))(y) = 1. Then there exists a U ∈ P 0B(y) with σpi(T (−1)U) =
{1} by Lemma 2.1. Thus
‖ − T−1U − 1‖∞(X) = ‖T (−1)U − 1‖∞(Y ) < 2.
On the other hand T−1U ∈ P 0A(φ(y)) by Lemma 5.4, so
‖T (−1)U − 1‖∞(Y ) = ‖ − T−1U − 1‖∞(X) = 2,
which is a contradiction. 
Lemma 5.6. Suppose that T1 = 1. Then (Tλ)(Ch(B)) ⊂ {λ, λ¯} for
every complex number λ with the unit absolute value.
Proof. By Lemma 5.2 we see that |Tλ| = |λ| holds on Ch(B). Since
T1 = 1, we have ‖Tλ−1‖∞(Y ) = |λ−1|. Since T (−1) = −1 by Lemma
5.5 we also see that
‖Tλ+ 1‖∞(Y ) = ‖ − Tλ− 1‖∞(Y ) = ‖T (−1)Tλ− 1‖∞(Y )
= | − λ− 1| = |λ+ 1|.
It follows by a simple calculation that the conclusion holds. 
Lemma 5.7. Suppose that T1 = 1. Then T (−i) = −T i.
Proof. Since ‖T (−i)T i− 1‖∞(Y ) = ‖ − i · i− 1‖∞(X) = 0, we have that
T (−i)T i = 1. By Lemma 5.6 we see that (T i)2(Ch(A)) = {−1}, so
(T i)2 = −1. Thus we see that the conclusion holds. 
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Definition 5.8. Suppose that T1 = 1. Put
K = {y ∈ Ch(B) : T i(y) = i}.
Lemma 5.9. Suppose that T1 = 1. Then K is a clopen subset of
Ch(B) and T i = −i on Ch(B) \K.
Proof. Since T i is continuous on Ch(B) and T i(Ch(B)) ⊂ {i,−i} by
Lemma 5.6, K is a clopen subset of Ch(B) and T (i) = −i on Ch(B) \
K. 
Lemma 5.10. Suppose that T1 = 1. For every complex number α
with the absolute value 1, Tα(y) = α if y ∈ K and Tα(y) = α¯ if
y ∈ Ch(B) \K. Thus T (αβ) = TαTβ holds for every pair of complex
numbers α and β with unit absolute values.
Proof. If α = −1, then T (α) = α by Lemma 5.5. We consider the case
where α is a imaginary number. By Lemma 5.7 we have that
‖T iTα+ 1‖∞(Y ) = ‖ − T iTα− 1‖∞(Y ) = ‖T (−i)Tα− 1‖∞(Y )
= ‖ − iα− 1‖∞(X) = ‖iα + 1‖∞(X).
We also see that ‖T iTα − 1‖∞(Y ) = ‖iα − 1‖∞(X). By Lemma 5.2 we
see that |T iTα| = 1 on Ch(B). It follows by a simple calculation that
(T iTα)(Ch(B)) ⊂ {iα, iα}.
Suppose that y ∈ K. Then T i(y) = i. By Lemma 5.6, Tα(y) = α or α¯.
Suppose that Tα(y) = α¯. Then (T iTα)(y) = iα¯, which contradicts to
(T iTα)(Ch(B)) ⊂ {iα, iα}. Thus we see that Tα(y) = α if y ∈ K. In
a way similar, we see that Tα(y) = α¯ if y ∈ Ch(B) \K. Thus T (αβ) =
T (α)T (β) holds on Ch(B) and so we have that T (αβ) = T (α)T (β). 
Lemma 5.11. Suppose that T1 = 1. Then T (αP 0A(φ(y))) = (Tα)P
0
B(y)
holds for every y ∈ Ch(B) and every complex number α with the unit
absolute value.
Proof. First we show that T (αP 0A) ⊂ (Tα)P 0B. Suppose that u ∈ P 0A.
Since
2 = ‖ − α¯αu− 1‖∞(X) = ‖T (−α¯)T (αu)− 1‖∞(Y ),
we have that −1 ∈ σpi(T (−α¯)T (αu)). Suppose that
β ∈ σpi(T (−α¯)T (αu)) \ {−1}.
Note that |β| = 1 since
‖T (−α¯)T (αu)‖∞(Y ) = 1.
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Since σpi(F ) ⊂ F (Ch(B)) holds for every F ∈ B, there exists a y ∈
Ch(B) with (T (−α¯)T (αu))(y) = β. If y ∈ K, then
(T ((−β¯)(−α¯))T (αu))(y) = (T (−β¯)T (−α¯)T (αu))(y) = −1
since T (−β¯) = −β¯ on K by Lemma 5.10, so that
2 = ‖T ((−β¯)(−α¯))T (αu)− 1‖∞(Y ) = ‖β¯u− 1‖∞(X).
Since u ∈ P 0A we see that β¯ = −1, so β = −1, which is a contradiction.
If y ∈ Ch(B) \ K, then we have, in a way similar to the above, a
contradiction. It follows that
σpi(T (−α¯)T (αu)) = {−1}.
Thus we see that T (−α¯)T (αP 0A) ⊂ −P 0B. Since
T (−α)T (−α¯) = T1 = 1
and
−T (−α) = T (−1)T (−α) = T (α)
by Lemma 5.5 and 5.10, we see that
T (αP 0A) ⊂ T (α)P 0B.
Next we show that
T (αP 0A(φ(y)) ⊂ T (α)P 0B(y).
Suppose that u ∈ P 0A(φ(y)). Then by the above we have that T (αu) ∈
T (α)P 0B. Since T (α¯)T (α) = T1 = 1 by Lemma 5.10, we see that
T (α¯)T (αu) ∈ P 0B. On the other hand, by Theorem 3.1 and Lemma 5.1,
|(T (α¯)T (αu))(y)| = |α¯(φ(y))||αu(φ(y))| = 1,
so that (T (α¯)T (αu))(y) = 1 since T (α¯)T (αu) ∈ P 0B. It follows that
T (α¯)T (αu) ∈ P 0B(y) and so T (αu) ∈ (Tα)P 0B(y). We see that
T (αP 0A(φ(y)) ⊂ T (α)P 0B(y).
We show that
T (αP 0A(φ(y)) ⊃ T (α)P 0B(y).
Suppose that U ∈ P 0B(y). Then
‖ − α¯T−1((Tα)U)− 1‖∞(X) = ‖T (−α¯)T (α)U − 1‖∞(Y )
= ‖ − U − 1‖∞(Y ) = 2,
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so −1 ∈ σpi(−α¯T−1((Tα)U). Suppose that β ∈ σpi(−α¯T−1((Tα)U).
Then we have that |β| = 1. We also have
2 = ‖(−β¯)(−α¯T−1((Tα)U))− 1‖∞(X)
= ‖T ((−β¯)(−α¯))(Tα)U − 1‖∞(Y ) = ‖(T ((−β¯)(−α¯)α))U − 1‖∞(Y )
= ‖(T (β¯))U − 1‖∞(Y ).
Since |T (β¯)| = 1 on Ch(B), we see that −1 ∈ (T (β¯))(Ch(B)), so by
Lemma 5.6 we have that β = −1. We see that σpi(−α¯T−1((Tα)U)) =
{−1}, so −α¯T−1((Tα)U) ∈ −P 0A. On the other hand,
|(−α¯T−1((Tα)U))(φ(y))| = |T−1((Tα)U)(φ(y))|
= |(T (α))U(y)| = |U(y)| = 1,
so
(−α¯T−1((Tα)U))(φ(y)) = −1
since −α¯T−1((Tα)U) ∈ −P 0A. Thus
−α¯T−1((Tα)U) ∈ −P 0A(φ(y)),
so
T−1((Tα)U) ∈ αP 0A(φ(y)).
Thus (Tα)(U) ∈ T (αP 0A(φ(y))). Since U ∈ P 0B(y) is arbitrary, we see
that (Tα)(P 0B(y)) ⊂ T (αP 0A(φ(y))). It follows that
(Tα)(P 0B(y)) = T (αP
0
A(φ(y))).

Theorem 5.12. Let A and B be uniform algebras on compact Haus-
dorff spaces X and Y respectively. Suppose that T is a map from A−1
onto B−1. Suppose that the equality
‖TfTg − 1‖∞(Y ) = ‖fg − 1‖∞(X)
holds for every f, g ∈ A−1. Then (T1)2 = 1 and the map T is extended
to a map TE from A onto B, and there exists a homeomorphism φ
from Ch(B) onto Ch(A) and a clopen subset K of Ch(B) such that the
equality
TEf(y) = T1(y)×
{
f(φ(y)), y ∈ K
f(φ(y)), y ∈ Ch(B) \K
holds for every f ∈ A. In particular, TE
T1
is a real-algebra isomorphism.
Thus we see that the equality
‖TEfTEg − 1‖∞(Y ) = ‖fg − 1‖∞(X)
holds for every pair f and g in A.
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Proof. Since
‖T1T1− 1‖∞(Y ) = ‖12 − 1‖∞(X) = 0,
we see that (T1)2 = 1. First we consider the case where T1 = 1. By
Lemma 5.1 we see that T is injective and ‖TfTg‖∞(Y ) = ‖fg‖∞(X) for
every f, g ∈ A−1. Then by Theorem 3.1 there exists a homeomorphism
φ from Ch(B) onto Ch(A) such that |Tf(y)| = |f(φ(y))| holds for
every f ∈ A−1 and every y ∈ Ch(B). We show that Tf(y) = f(φ(y))
if y ∈ K and Tf(y) = f(φ(y)) if y ∈ Ch(B) \K, where K is defined as
in Definition 5.8.
Suppose that y ∈ K and Tf(y) 6= f(φ(y)). By Lemma 2.1 there
exists an H ∈ P 0B(y) such that σpi(TfH) = {Tf(y)}. Since T i = i on
K and T i = −i on Ch(B) \K we see that the closure K¯ of K in Y and
the closure Ch(B) \K of Ch(B) \K are disjoint. Thus we may assume
that |TfH| < |Tf(y)| on Ch(B) \K. Put h = T−1H . Then by Lemma
5.11 we see that h ∈ P 0A(φ(y)). Put α = −f(φ(y))|f(φ(y))| . Then we have that
‖TαTfTh− 1‖∞(Y ) < |Tf(y)|+ 1.
(Suppose not; ‖TαTfTh− 1‖∞(Y ) ≥ |Tf(y)|+ 1. Since
‖TαTfTh− 1‖∞(Y ) ≤ ‖Tα‖∞(Y )‖TfTh‖∞(Y ) + 1 = |Tf(y)|+ 1,
we have that
‖TαTfTh− 1‖∞(Y ) = |Tf(y)|+ 1,
so there exists a z ∈ Ch(B) such that
|(TαTfTh)(z)− 1| = |Tf(y)|+ 1.
Since |Tα| = 1 on Ch(B), we have that
‖TαTfTh‖∞(Y ) = ‖TαTfTh‖∞(Ch(B)) = ‖TfTh‖∞(Ch(B))
= ‖TfTh‖∞(Y ) = |Tf(y)|,
thus
(5.3) (TαTfTh)(z) = −|Tf(y)|.
Then we see that z is a point in K. Suppose that z ∈ Ch(B)\K. Then
by the definition of H , |(TfTh)(z)| < |Tf(y)| holds. Since |Tα| = 1
we have that
|(TαTfTh)(z)− 1| ≤ |(TαTfTh)(z)|+ 1 < |Tf(y)|+ 1,
which is a contradiction proving z ∈ K. So Tα(z) = α by Lemma 5.10
and thus we have by the equation (5.3) that
−f(φ(y))
|f(φ(y))| Tf(z)Th(z) = −|Tf(y)|.
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So |Tf(z)Th(z)| = |Tf(y)|. Since σpi(TfTh) = {Tf(y)}, we see
that Tf(z)Th(z) = Tf(y), so that f(φ(y))|f(φ(y))|Tf(y) = |Tf(y)|. Then
f(φ(y))Tf(y) = |Tf(y)|2 holds since |Tf(y)| = |f(φ(y))|, so that
f(φ(y)) = Tf(y), which is a contradiction.) Then by Lemma 5.11
there exists an h′ ∈ P 0A(φ(y)) such that T (αh′) = (Tα)(Th). Thus
|Tf(y)|+ 1 > ‖TαTfTh− 1‖∞(Y )
= ‖T (αh′)Tf − 1‖∞(Y ) = ‖αh′f − 1‖∞(X)
≥ |αh′(φ(y))f(φ(y))− 1| = |f(φ(y))|+ 1 = |Tf(y)|+ 1,
which is a contradiction proving that Tf(y) = f(φ(y)).
Suppose that y ∈ Ch(B) \K. We show that Tf(y) = f(φ(y)). Sup-
pose not. By Lemma 2.1 and Lemma 5.11 there exists an h ∈ P 0A(φ(y))
such that σpi(TfTh) = {Tf(y)}. We may assume that |TfTh| <
|Tf(y)| on K as the same way as in the case that y ∈ K. Put
α = −f(φ(y))|f(φ(y))| . Then as in the same way as in the case where y ∈ K, we
see that
‖TαTfTh− 1‖∞(Y ) < |Tf(y)|+ 1.
By Lemma 5.11 there exists an h′ ∈ P 0A(φ(y)) such that T (αh′) =
T (α)Th. Then we have that
‖TαTfTh− 1‖∞(Y ) = ‖T (αh′)Tf − 1‖∞(Y ) = ‖αh′f − 1‖∞(X)
≥ |αh′(φ(y))f(φ(y))− 1| = |f(φ(y))|+ 1 = |Tf(y)|+ 1,
which is a contradiction proving that Tf(y) = f(φ(y)). So we see that
the equality
Tf(y) =
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(B) \K
holds for every f ∈ A−1 if T1 = 1.
We consider the general case. Put T˜ = T
T1
. By a simple calculation
we see that T˜ is a map from A−1 onto B−1 such that
‖T˜ f T˜ g − 1‖∞(Y ) = ‖fg − 1‖∞(X)
holds for every f, g ∈ A−1 and T˜1 = 1. Then by the first part of the
proof we see that there is a homeomorphism φ from Ch(B) onto Ch(A)
and a clopen subset K of Ch(B) such that the equality
Tf(y)
T1(y)
= T˜ (f)(y) =
{
f(φ(y)), y ∈ K
f(φ(y)), y ∈ Ch(B) \K.
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holds for every f ∈ A−1. Let IA (resp. IB) denote the map IAf =
f |Ch(A) (resp. IBf = f |Ch(B)) from A (resp. B) onto A|Ch(A) (resp.
B|Ch(B)). Then IA (resp. IB) is an algebra isomorphism from A (resp.
B) onto A|Ch(A) (resp. B|Ch(B)). Put a map T0 from A|Ch(A) into B|Ch(B)
by
T0(f |Ch(A))(y) = T1(y)×
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(B) \K
for f |Ch(A) ∈ A|Ch(A). Put
TE = I
−1
B ◦ T0 ◦ IA.
Then it is easy to see that TE is a bijection from A onto B which is an
extension of T , and TE
T1
is a real-algebra isomorphism from A onto B
which is an extension of T
T1
. By the definition we see that the equality
TEf(y) = T1(y)×
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(B) \K
holds for every f ∈ A. 
Let A be a unital commutative Banach algebra. Recall that the
spectral radius of f ∈ A is denoted by r(f). Then by the definition
r(f) = ‖fˆ‖∞(MA)
holds for every f ∈ A, where fˆ denotes the Gelfand transformation in
A.
Recall that clA is the uniform closure of the Gelfand transform of
A in C(MA). If A is semisimple, then we may suppose that A ⊂ clA.
Recall also that the Gelfand transform of f ∈ A is denoted also by f
omitting ·ˆ for simplicity.
Corollary 5.13. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T
is a map from A−1 onto B−1 which satisfies that the equation
r(TfTg − 1) = r(fg − 1)
holds for every pair f and g in A−1. Then B is semisimple and (T1)2 =
1, and T is extended to a map TE from clA onto clB such that TEA =
B, and there exist a homeomorphism φ from Ch(clB) onto Ch(clA)
and a clopen subset K of Ch(clB) which satisfies that the equation
TEf(y) = T1(y)×
{
f(φ(y)), y ∈ K
f(φ(y)), y ∈ Ch(clB) \K
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holds for every f ∈ clA. In particular, TE
T1
is a real-algebra isomorphism
from clA onto clB and TE
T1
(A) = B; A is real-algebraically isomorphic
to B. Thus the equality
‖TEfTEg − 1‖∞(MB) = ‖fg − 1‖∞(MA)
holds for every pair f and g in clA and TE((clA)
−1) = (clB)−1.
Proof. First we consider the case where B is semisimple. Let f ∈ A−1.
Since
r(TfTf−1 − 1) = r(ff−1 − 1) = 0
and B is assumed to be semisimple, we have that Tf−1 = (Tf)−1. So
r(
Tf
Tg
− 1) = r(f
g
− 1)
holds for every pair f and g in A−1. (Recall that we denote the Gelfand
transform of f ∈ A also by f ; omitting ·ˆ, and we suppose that
A ⊂ clA ⊂ C(MA), B ⊂ clB ⊂ C(MB),
so that such a formula like f
g
is well-defined and so on.) We show
that T is extended to a map from (clA)−1 onto (clB)−1. Note that
MA =MclA and so (clA)∩C(MA)−1 = (clA)−1. Let f ∈ (clA)−1. Then
there exists a sequence {fn} in A−1 such that ‖f − fn‖∞(MA) → 0 as
n → ∞. Since f is invertible there exists a positive number M such
that 1
M
< |fn| < M holds on MA for every fn. Thus
1
M
|fn(x)− fm(x)| ≤ | fn(x)
fm(x)
− 1| ≤M |fn(x)− fm(x)|
hold for every x ∈MA, so we have that
1
M
r(fn − fm) ≤ r( Tfn
Tfm
− 1) ≤ Mr(fn − fm)
since r( Tfn
Tfm
− 1) = r( fn
fm
− 1). Since r(T1T1 − 1) = r(12 − 1) = 0 we
have that (T1)2 = 1 and so we have that
r(Tfm) = r(TfmT1) ≤ r(TfmT1− 1) + 1
= r(fm − 1) + 1 ≤ M + 2.
It follows that
r(Tfn − Tfm) ≤ r(Tfm)r( Tfn
Tfm
− 1) ≤M(M + 2)r(fn − fm),
so that {Tfn} is a Cauchy sequence in B−1 with respect to the supre-
mum norm on MB. Thus there is an F ∈ C(MB) with
‖Tfn − F‖∞(MB) → 0
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as n→∞. In a way similar to the above we see that r( 1
Tfm
) ≤M + 2
and so that 1
M+2
≤ |Tfm| holds onMB. Thus we see that 1M+2 ≤ |F | on
MB. It follows that F is invertible in C(MB) and so F ∈ (clB)−1 since
MclB = MB. In a routine argument we see that for each f ∈ (clA)−1
F is uniquely determined; it does not depend on the choice of the
sequence {fn} which converges to f . We define a map Te from (clA)−1
into (clB)−1 by Tef = F . We show that Te is a surjection. Suppose
that F ∈ (clB)−1. Then there is a sequence {Fn} in B such that
‖Fn − F‖∞(MB) → 0 as n → ∞. Since F ∈ (clB)−1 and MclB = MB,
we may assume that Fn ∈ B−1 for every n. Since TA−1 = B−1, there
exists a sequence {fn} in A−1 with Tfn = Fn for every positive integer
n. As in a way similar to the above we see {fn} is a Cauchy sequence
which uniformly converges to some f ∈ (clA)−1. By the definition of Te
we have that Tef = F ; Te is a surjection. Suppose that f, g ∈ (clA)−1.
Then there are some {fn} and {gn} in A−1 such that fn → f and
gn → g as n→∞. Then we see that
r(TfnTgn − 1) = r(fngn − 1)
and letting n→∞ we have that
‖TefTeg − 1‖∞(MB) = ‖fg − 1‖∞(MA).
Applying Theorem 5.12 to the map Te from (clA)
−1 onto (clB)−1, we
see that there exists a clopen subset K of Ch(clB) and Te is extended
to a map TE from clA onto clB such that the equality
TEf(y) = T1(y)×
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA. It follows that TE
T1
is a real-algebra isomorphism
from clA onto clB. We also see that TE
T1
(A) = B. (Since TE = T on A
−1
and T1 ∈ B−1 we see that TE
T1
(A−1) = B−1. Suppose that F ∈ B. Then
there exist an F0 ∈ B−1 and a complex number λ with F = F0 + λ. If
λ = 0, then F = F0 and there exists an f0 ∈ A−1 with Tf0 = T1F0,
so that TE
T1
(f0) = F0 = F . If λ 6= 0, then there exist an f0 ∈ A−1 and
fλ ∈ A−1 with Tf0 = T1F0 and Tfλ = λT1. Since TE is real-linear, we
have that TE(f0 + fλ) = T1F . We see that
TE
T1
(A) = B.)
Finally we consider the general case; B is not assumed to be semisim-
ple. Let Γ denote the Gelfand transform on B. Then Γ◦T is a function
from A−1 onto (Bˆ)−1, where Bˆ is the Gelfand transform of B. Then
by the first part of the proof we see that there exist a homeomorphism
φ from Ch(clBˆ) onto Ch(clA) and a clopen subset K of Ch(clBˆ) such
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that the equality
Γ ◦ Tf(y) = Γ ◦ T1(y)×
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clBˆ) \K.
holds for every f ∈ A−1. In particular, we see that Γ◦T is an injection
from A−1 onto (Bˆ)−1, so Γ is injective on B−1 and so Γ is injective on
B by a simple calculation. Thus we see that B is semisimple. Then
applying the first case we have the conclusion. 
Corollary 5.14. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T
is a map from A−1 onto B−1 which satisfies that the equality
r(TfTg − 1) = r(fg − 1)
holds for every pair f and g in A−1. Suppose that there exists a λ ∈ C\
(R ∪ iR) such that Tλ = λ. Then B is semisimple, T is extended to a
complex-algebra isomorphism TE from clA onto clB such that TEA = B
and TE((clA)
−1) = (clB)−1, and there exists a homeomorphism φ from
Ch(clB) onto Ch(clA) such that the equality
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA.
Proof. By Corollary 5.13 and its proof, we see that B is semisimple
and (T1)2 = 1, and T is extended to a map TE from clA onto clB such
that there exists a homeomorphism φ from Ch(clB) onto Ch(clA) and
a clopen subset K of Ch(clB) which satisfies that the equation
TEf(y) = T1(y)×
{
f(φ(y)), y ∈ K
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA. In particular, TE
T1
is a real-algebra isomorphism
from clA onto clB such that TE
T1
(A) = B. We show that K = Ch(clB).
Suppose not. Then there is a y ∈ Ch(clB) \K. So by the hypothesis,
λ = Tλ(y) = T1(y)λ(φ(y)) = λ¯T1(y),
which is a contradiction since T1(y) = 1 or −1 and λ ∈ C \ (R ∪ iR).
Then we also see that T1 = 1 since
λ = Tλ = TEλ = T1λ
on Ch(clB) 
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Corollary 5.15. Let A and B be unital semisimple commutative Ba-
nach algebras. Suppose that T is a group homomorphism from A−1
onto B−1. Then the following are equivalent.
(i) T is isometry with respect to the spectral radius, that is, the equal-
ity
r(Tf − Tg) = r(f − g)
holds for every pair f and g in A−1.
(ii) The equality
r(Tf − 1) = r(f − 1)
holds for every f ∈ A−1.
(iii) There exist a homeomorphism from Ch(clB) onto Ch(clA) and
a clopen subset K of Ch(clB) such that the equality
Tf(y) =
{
f(φ(y)), y ∈ K
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ A−1.
Thus if one of the above holds, then T is extended to a real-algebra
isomorphism from A onto B; A is real-algebraically isomorphic to B.
Proof. The inclusion (iii) → (i) is trivial. Since T1 = 1, (i) implies (ii)
is also trivial. By Corollary 5.13 we see that (ii) implies (iii). Thus
T is extended to a real-algebra isomorphism from A onto B if at least
one of (i), (ii) and (iii) holds. 
The group isomorphism in Corollary 5.15 is not extended to the com-
plex algebra isomorphism in general, as the following example shows.
Example 5.16. Let A(D¯) be the disk algebra on the closed unit disk;
the algebra of all complex-valued continuous functions on the closed
unit disk D¯ which are analytic on the interior of the disk, and A(D¯) =
{f ∈ C(D¯)|f¯ ∈ A(D¯)}. Put A = A(D¯)⊕A(D¯), the direct sum of two
copies of A(D¯) and B = A(D¯) ⊕ A(D¯), the direct sum of A(D¯) and
A(D¯). Then A and B are uniform algebras on X = D¯ × {1, 2}. Then
T (f ⊕ g) = f ⊕ g¯ defined on A−1 is a group isomorphisms onto B−1
such that
‖T (f ⊕ g)− 1‖∞(X) = ‖f ⊕ g − 1‖∞(X).
On the other hand A is not algebraically isomorphic to B as a complex
algebra.
Corollary 5.17. Let A and B be unital semisimple commutative Ba-
nach algebras. Suppose that T is a group homomorphism from A−1
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onto B−1 which satisfies that the equality
r(Tf − 1) = r(f − 1)
holds for every f ∈ A−1. Suppose that there exists a λ ∈ C \ R such
that Tλ = λ. Then T is extended to a complex-algebra isomorphism TE
from clA onto clB with TEA = B, and there exists a homeomorphism
φ from Ch(clB) onto Ch(clA) such that the equality
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA.
Proof. By Corollary 5.15 we see that there exist a homeomorphism
from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such
that the equality
Tf(y) =
{
f(φ(y)), y ∈ K
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ A−1. We also see that K = Ch(clB). Suppose that
y ∈ Ch(clB) \K, then we have that
λ = Tλ(y) = λ(φ(y)) = λ¯,
which is a contradiction since λ ∈ C\R. Thus K = Ch(clB). As in the
same way as the proof of Theorem 5.12 T is extended to the desired
TE. 
Corollary 5.18. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T is
a map from A−1 onto B−1 and α is a non-zero complex number which
satisfies that the equality
r(TfTg − α) = r(fg − α)
holds for every pair f and g in A−1. Then B is semisimple, and T
is extended to a map TE from clA onto clB such that TEA = B, and
there exist an element η ∈ B−1 such that η2 = 1, a homeomorphism φ
from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) which
satisfies that the equality
TEf(y) = η(y)×
{
f(φ(y)), y ∈ K
α
|α|f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA. Furthermore, if T1 = 1, then the equality
TEf(y) =
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
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holds for every f ∈ clA. Thus the equality
‖TEfTEg − α‖∞(MB) = ‖fg − α‖∞(MA)
holds for every pair f and g in clA, and TE((clA)
−1) = (clB)−1 holds.
Furthermore, if T1 = 1 and α ∈ C \ R or there exists λ ∈ C \ R such
that Tλ = λ, then the equality
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. In this case, TE is extended to a complex-
algebra isomorphism from clA onto clB with TEA = B.
Proof. Let β be a complex number with β2 = α. Put a function Tβ
from A−1 into B−1 by
Tβf =
1
β
T (βf) f ∈ A−1.
Then by a simple calculation TβA
−1 = B−1. Since TβfTβg = 1αT (βf)T (βg),
we have that
r(TβfTβg − 1) = 1|α|r(T (βf)T (βg)− α)
=
1
|α|r(βfβg − α) = r(fg − 1).
Then by Corollary 5.13, B is semisimple and (Tβ1)
2 = 1. We also see
by Corollary 5.13 that Tβ is extended to a function (Tβ)E from clA
onto clB and that there exists a homeomorphism φ from Ch(clB) onto
Ch(clA) and a clopen subset of Ch(clB) such that the equation
(Tβ)Ef(y) = Tβ1(y)×
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA. Put η = Tβ1 and put
TEf = β(Tβ)E(
f
β
)
for f ∈ clA. By a simple calculation we see that TE is an extension of
T which maps from clA onto clB and we have that
TEf(y) = η(y)×
{
f(φ(y)), y ∈ K,
α
|α|f(φ(y)), y ∈ Ch(clB) \K
since β
β¯
= α|α| .
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Suppose that T1 = 1. Then by the above equation we have that
1 = η on K and 1 = α|α|η on Ch(clB) \ K. Thus we see that the
equality
(5.4) TEf(y) =
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA.
Furthermore suppose that T1 = 1, and α ∈ C \ R or Tλ = λ for
some λ ∈ C \ R. First we consider the case where α ∈ C \ R. Since B
is semisimple and T1 = 1 we have that
r(Tα− α) = r(TαT1− α) = r(α1− α) = 0,
so Tα = α on Ch(clB). On the other hand by putting f = α in the
above equation (5.4) we have that
TEα(y) =
{
α, y ∈ K,
|α|, y ∈ Ch(clB) \K.
Since α ∈ C \ R we see that K = Ch(clB) and so the equality
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. Next we consider the case where Tλ = λ for
some λ ∈ C \ R. Then by the above equation (5.4) we have that
Tλ(y) = TEλ(y) =
{
λ, y ∈ K,
λ¯, y ∈ Ch(clB) \K.
It follows that K = Ch(clB) since Tλ = λ. So we have that
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. 
Corollary 5.19. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T is
a group homomorphism from A−1 onto B−1 which satisfies that there
exists a nonzero complex number α such that the equality
r(Tf − α) = r(f − α)
holds for every f ∈ A−1. Then B is semisimple, T is extended to a
real-algebra isomorphism TE from clA onto clB with TEA = B and
TE((clA)
−1) = (clB)−1, and there exists a homeomorphism φ from
Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that
TEf(y) =
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
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holds for every f ∈ clA. Furthermore if α ∈ C \ R or there exists a
λ ∈ C \ R such that Tλ = λ, then
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA; In this case TE is a complex-algebra isomor-
phism.
Proof. Since T is a group homomorphism we see that
r(TfTg − α) = r(fg − α)
holds for every f and g in A−1. Then B is semisimple by Corollary
5.18. We also see by Corollary 5.18 that T is extended to a real-algebra
isomorphism TE from clA onto clB with TEA = B, and there exist a
homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K
of Ch(clB) which satisfies that the equality
TEf(y) =
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA. Note that T1 = 1 since T is a group homo-
morphism from A−1 onto B−1.
Suppose that α ∈ C\R or there exists a λ ∈ C\R such that Tλ = λ.
Then by Corollary 5.18 we see that the equality
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. 
6. Non-symmetric multiplicatively spectrum and
peripheral spectrum-preserving maps between
invertible groups
In this section we consider non-symmetric multiplicatively (periph-
eral) spectrum-preserving maps. We say that a map T from the in-
vertible group A−1 of a unital commutative Banach algebra A into
the invertible group B−1 of a unital commutative Banach algebra B is
non-symmetric multiplicatively (resp. peripheral) spectrum-preserving
if there exists a nonzero complex number α such that
σ(TfTg − α) = σ(fg − α)
(resp.σpi(TfTg − α) = σpi(fg − α))
holds for every pair f and g in A−1. In this section we show, under some
additional assumption, that non-symmetric multiplicatively peripheral
spectrum-preserving maps from A−1 onto B−1 are extended to algebra
isomorphisms from A onto B.
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Corollary 6.1. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T
is a map from A−1 onto B−1 which satisfies that there exists a nonzero
complex number α such that
σpi(TfTg − α) ∩ σpi(fg − α) 6= ∅
holds for every pair f and g in A−1. Then B is semisimple, and T
is extended to a map TE from clA onto clB with TEA = B, and there
exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the
equality
TEf(y) = T1(y)f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. In particular, T
T1
is extended to a complex-
algebra isomorphism TE
T1
from clA onto clB with TE
T1
(A) = B.
Proof. First we consider the case where α = 1. We have that the
equality
r(TfTg − 1) = r(fg − 1), f, g ∈ A−1
holds since
σpi(TfTg − 1) ∩ σpi(fg − 1) 6= ∅
holds for every pair f and g in A−1. Thus by Corollary 5.13 we see
that B is semisimple, and T is extended to the map TE from clA onto
clB, and there exist a homeomorphism φ from Ch(clB) onto Ch(clA)
and a clopen subset K of Ch(clB) such that the equality
TEf(y) = T1(y)×
{
f(φ(y)), y ∈ K,
f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ clA, where (T1)2 = 1. Let λ ∈ σpi(f) for an f ∈ A−1
(resp. B−1). Then there exists an x ∈ MA (resp. MB) with f(x) = λ.
Since |λ| = ‖f‖∞(X) (resp. |λ| = ‖f‖∞(Y )), we have that f−1(λ) is a
peak set for clA (resp. clB). Thus there exists an x0 ∈ Ch(clA)∩f−1(λ)
(resp. x0 ∈ Ch(clB) ∩ f−1(λ)) by Corollary 2.4.6 in [1]. It follows
that λ = f(x0) ∈ f(Ch(clA)) (resp. λ = f(x0) ∈ f(Ch(clB))), so
that σpi(f) ⊂ f(Ch(clA)) (resp. σpi(f) ⊂ f(Ch(clB))) holds for every
f ∈ A−1 (resp. B−1).
We show that K = Ch(clB). Suppose not; There exists a y0 ∈
Ch(clB)\K. By the definition ofK we have that K¯∩Ch(clB) \K = ∅,
where ·¯ denotes the closure in MB. Thus there exists a U ∈ B−1 such
that U(y0) = i, |U | < 13 on K, and ImU > 0 on Ch(clB). Then there
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exists a u ∈ A−1 with Tu = TEu = UT1 since TA−1 = B−1, so
U(y) = Tu(y)T1(y) =
{
u ◦ φ(y), y ∈ K
u ◦ φ(y), y ∈ Ch(clB) \K
since (T1)2 = 1. Thus
σpi(TuT1− 1) = σpi(U − 1)
⊂ U(Ch(clB))− 1 ⊂ {z ∈ C : Imz > 0}.
Since
i = U(y0) = u ◦ φ(y0),
we have u(φ(y0)) = −i. Since U = u ◦ φ on Ch(clB) \ K, we have
Imu < 0 on φ(Ch(clB) \ K). Since U = u ◦ φ on K, we have that
|u| < 1
3
on φ(K). Since (u− 1)(φ(y0)) = −i− 1, we have
σpi(u− 1) ⊂ {z ∈ C : |z| ≥
√
2}.
Thus (u− 1)(φ(K)) ∩ σpi(u− 1) = ∅. It follows that
σpi(u− 1) ⊂ {z ∈ C : Imz < 0}.
So we see that
σpi(TuT1− 1) ∩ σpi(u− 1) = ∅,
which is a contradiction proving that K = Ch(clB). It follows that the
equality
TEf(y) = T1(y)f(φ(y))
holds for every f ∈ clA and y ∈ Ch(clB).
Finally we consider the general case for α. Let β be a complex
number with β2 = α. Put a function Tβ from A
−1 onto B−1 by Tβf =
1
β
T (βf) for f ∈ A−1. Then Tβ is well-defined and we see by a simple
calculation that TβA
−1 = B−1. Then we see that the equalities
σpi(TβfTβg − 1) = σpi( 1
α
T (βf)T (βg)− 1)
=
1
α
σpi(T (βf)T (βg)− α) = σpi(fg − 1)
hold for every pair f and g in A−1. Thus by the first part of the proof
we see that B is semisimple, and Tβ is extended to a map (Tβ)E from
clA onto clB, and there exists a homeomorphism φ from Ch(clB) onto
Ch(clA) such that the equality
(Tβ)Ef(y) = Tβ1(y)f(φ(y)), y ∈ Ch(clB)
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holds for every f ∈ clA. Put TE : clA→ clB by TEf = β(Tβ)E( fβ ) for
f ∈ clA. Then since we see that the equality
TEf(y) = β(Tβ)E(
f
β
)(y) = Tβ1(y)f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. Then we have
T1(y) = TE1(y) = Tβ1(y), y ∈ Ch(clB)
holds. Thus we see that Tβ1 = T1 and the conclusion holds. 
Corollary 6.2. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that T is
a group homomorphism from A−1 onto B−1 which satisfies that there
exists a non-zero complex number α such that
σpi(Tf − α) ∩ σpi(f − α) 6= ∅
holds for every f in A−1. Then B is semisimple, and T is extended to
a complex-algebra isomorphism TE from clA onto clB with TEA = B,
and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such
that the equality
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA.
Proof. Since T is a group homomorphism we see that
σpi(TfTg − α) ∩ σpi(fg − α) = σpi(T (fg)− α) ∩ σpi(fg − α) 6= ∅
holds for every pair f and g in A−1. Thus by Corollary 6.1 T is extended
to a map TE from clA onto clB with TEA = B, and there exists a
homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
TEf(y) = T1(y)f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. Since T is a group homomorphism from A−1
onto B−1 we have that T1 = 1, so we conclude that the equation
TEf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ clA. 
7. Surjections between commutative Banach algebras
Let A and B be unital semisimple commutative Banach algebras.
In this section we consider the maps from A onto B, which satisfy
the similar conditions for maps from A−1 onto B−1 in the previous
sections. Multiplicatively spectrum-preserving maps are initiated by
Molna´r [9], Rao and Roy [12] and Hatori, Miura and Takagi [4] extended
the results of Molna´r for uniform algebras. Luttman and Tonev [8]
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extended the results of Rao and Roy and Hatori, Miura and Takagi
(for uniform algebras) in the case where the maps between uniform
algebras are multiplicatively peripheral spectrum-preserving. Inspired
by the theorem of Luttman and Tonev we have considered the following
question.
Question 7.1. Suppose that A and B are uniform algebras and T is a
map from A onto B. Suppose that
‖TfTg + 1‖∞(Y ) = ‖fg + 1‖∞(X)
holds for every pair f and g in A and Tλ = λ for every complex number
λ. Does it follow that T is an algebra isomorphism from A onto B?
In this section we give a complete solution to the above question in
more general form (cf. Theorem 7.4 and Corollary 7.5). We also give a
generalization of a theorem of Luttman and Tonev (cf. Corollary 7.3.)
Theorem 7.2. Let A and B be uniform algebras on compact Hausdorff
spaces X and Y respectively and S a map from A onto B. Suppose that
the equality ‖SfSg‖∞(Y ) = ‖fg‖∞(X) holds for every pair f and g in
A. Then there exists a homeomorphism φ from Ch(B) onto Ch(A)
such that the equality
|Sf(y)| = |f(φ(y)|, y ∈ Ch(B)
holds for every f ∈ A.
Note that S need not be injective.
Proof. We can prove Theorem 7.2 in a way similar to the proof of
Theorem 3.1 and we only show a sketch of the proof.
In a way similar in the proof of Theorem 3.1 we see that |S1(y)| = 1
for every y ∈ Ch(B). Thus we see that the equality ‖Sf‖∞(Y ) =
‖f‖∞(X) holds for every f ∈ A. Let y ∈ Ch(B) and put
Ly = {x ∈ X : |f(x)| = 1 for every f ∈ A with
|Sf(y)| = 1 = ‖Sf‖∞(Y )}.
Then Ly is a singleton whose element is a point in Ch(A). Put a
function φ from Ch(B) into Ch(A) by φ(y) = the unique element of
Ly. Then in the same way as in the proof of Theorem 3.1 we see that
|Sf(y)| = |f(φ(y))| holds for every f ∈ A and y ∈ Ch(B) if Sf(y) 6= 0
and f(φ(y)) 6= 0. We show that |Sf(y)| = |f(φ(y))| holds even if
Sf(y) = 0 or f(φ(y)) = 0. Suppose that Sf(y) = 0. Then for every
positive ε there exists an Hε ∈ P 0B(y) such that ‖SfHε‖∞(Y ) < ε.
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Since S is a surjection there is an hε ∈ A with Shε = Hε. Then by the
definition of φ(y), |hε(φ(y))| = 1 holds since
Shε(y) = Hε(y) = 1 = ‖Hε‖∞(Y ) = ‖Shε‖∞(Y ).
Thus we have that
ε > ‖SfHε‖∞(Y ) = ‖fhε‖∞(X) ≥ |f(φ(y))hε(φ(y))| = |f(φ(y))|,
so the equalities f(φ(y)) = 0 = Sf(y) holds since ε is arbitrary.
Suppose that f(φ(y)) = 0. Then for every positive ε, there exists a
uε ∈ P 0A(φ(y)) such that ‖fuε‖∞(X) < ε. We see that |Suε(y)| = 1.
Suppose not. Then |Suε(y)| < 1 since ‖Suε‖∞(Y ) = ‖uε‖∞(X) = 1. So
there exists an H ∈ P 0B(y) with ‖SuεH‖∞(Y ) < 1. Since S is a surjec-
tion there is an h ∈ A with Sh = H . Then by the definition of φ(y)
we see that |h(φ(y)| = 1 since Sh(y) = 1 = ‖Sh‖∞(Y ). It follows that
1 > ‖SuεH‖∞(Y ) = ‖uεh‖∞(X) ≥ |uε(φ(y))h(φ(y))| = |uε(φ(y))|,
which is a contradiction proving that |Suε(y)| = 1. Then we have that
ε > ‖fuε‖∞(X) = ‖SfSuε‖∞(Y ) ≥ |Sf(y)Suε(y)| = |Sf(y)|,
and so we have that Sf(y) = 0 = f(φ(y)) since ε is arbitrary. We
conclude that the equality
|Sf(y)| = |f(φ(y))|, y ∈ Ch(B)
holds for every f ∈ A. In the same way as in the proof of Theorem 3.1
we see that φ is continuous.
Next let x ∈ Ch(A) and put
Kx = {y ∈ Y : |Sf(y)| = 1 for every f ∈ A with
|f(x)| = 1 = ‖f‖∞(X)}.
In a way similar in the proof of Theorem 3.1 we see that Kx is a
singleton which consists of a point in Ch(B). Put a function ψ from
Ch(A) into Ch(B) such that ψ(x) = the unique element in Kx. In a
way similar in the proof of Theorem 3.1 and the first part of the proof
we see that the equality
|Sf(ψ(x))| = |f(x)|, x ∈ Ch(A)
holds for every f ∈ A and ψ is continuous on Ch(A). Again in a
way similar in the proof of Theorem 3.1 we see that φ ◦ ψ and ψ ◦ φ
are identity functions on Ch(A) and Ch(B) respectively, so that φ is a
homeomorphism from Ch(B) onto Ch(A). 
The following is a generalization of a theorem of Luttman and Tonev
[8] and it is related to Corollary 3 in [7].
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Corollary 7.3. Let A and B be uniform algebras on compact Hausdorff
spaces X and Y respectively. Suppose that S is a map from A onto B
such that the inclusion
σpi(SfSg) ⊂ σpi(fg)
holds for every pair f and g in A. Then (S1)2 = 1 and there exists a
homeomorphism φ from Ch(B) onto Ch(A) such that the equality
Sf(y) = S1(y)f(φ(y)), y ∈ Ch(B)
holds for every f ∈ A. In particular, S
S1
is an isometrical algebra
isomorphism from A onto B.
Proof. A proof is similar to that of Corollary 4.1 and we sketch a proof.
First we consider the case where S1 = 1. By the inclusion σpi(SfSg) ⊂
σpi(fg), we have that ‖SfSg‖∞(Y ) = ‖fg‖∞(X) holds for every pair f
and g in A. Thus by Theorem 7.2 there exists a homeomorphism φ
from Ch(B) onto Ch(A) such that the equality
(7.1) |Sf(y)| = |f(φ(y))|, y ∈ Ch(B)
holds for every f ∈ A. We show that the equality
Sf(y) = f(φ(y)), y ∈ Ch(B)
holds for every f ∈ A. If f(φ(y)) 6= 0, then the proof is similar to that
in the proof of Corollary 4.1. If f(φ(y)) = 0, then Sf(y) = f(φ(y))
holds by the above equation 7.1.
Finally we consider the general case; We do not assume S1 = 1. In
a way similar to the proof of Corollary 4.1 we see that (S1)2 = 1. So
S1 ∈ B−1. Put a map S˜ from A into B by S˜f = Sf
S1
. Then S˜ is a
surjection and the inclusion
σpi(S˜f S˜g) ⊂ σpi(fg)
holds for every pair f and g in A since (S1)2 = 1. By the first part of
the proof we see that the conclusion holds. 
Theorem 7.4. Let A be a unital semisimple commutative Banach al-
gebra and B a unital commutative Banach algebra. Suppose that S is a
map from A onto B which satisfies that there exists a non-zero complex
number α such that the equality
r(SfSg − α) = r(fg − α)
holds for every pair f and g in A. Then B is semisimple and there
exist an η ∈ B with η2 = 1, a homeomorphism φ from Ch(clB) onto
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Ch(clA) and a clopen subset K of Ch(clB) such that the equality
Sf(y) = η(y)×
{
f(φ(y)), y ∈ K,
α
|α|f(φ(y)), y ∈ Ch(clB) \K
holds for every f ∈ A. Furthermore if S1 = 1, then η = 1. Furthermore
if S1 = 1, and α ∈ C \R or there exists a λ ∈ C \R such that Sλ = λ,
then K = Ch(clB) and the equality
Sf(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ A.
Proof. First we consider the case where B is semi-simple. We show
that SA−1 = B−1. Let f ∈ A−1. Put g = αf−1. Then we have that
0 = r(fg − α) = r(SfSg − α),
so SfSg = α for B is semisimple. Since α is a non-zero complex
number we see that Sf ∈ B−1; we have proved that SA−1 ⊂ B−1.
Suppose that F ∈ B−1. Since SA = B, there exist an f and a g in A
with Sf = F and Sg = αF−1. Then we have that
0 = r(SfSg − α) = r(fg − α),
so fg = α for A is semisimple. Thus we see that f ∈ A−1. It follows
that SA−1 = B−1. Applying Corollary 5.18 to S|A−1 we see that there
corresponds the extended map (S|A−1)E from clA onto clB such that
the equality
(7.2) ‖(S|A−1)Ef(S|A−1)Eg − α‖∞(MB) = ‖fg − α‖∞(MA)
holds for every pair f and g in clA. We also see by Corollary 5.18 that
there exist an η ∈ B−1 with η2 = 1, a homeomorphism φ from Ch(clB)
onto Ch(clA) and a clopen subset K of Ch(clB) which satisfy that
((S|A−1)E(f))(y) = η(y)×
{
f(φ(y)), y ∈ K,
α
|α|f(φ(y)), y ∈ Ch(clB) \K.
If S1 = 1, and α ∈ C \R or there exists a λ ∈ C \R with Sλ = λ, then
((S|A−1)E(f))(y) = f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ A by Corollary 5.18.
We show that (S|A−1)E = S on A. By the definition of (S|A−1)E
we have that for every g ∈ (clA)−1 there exists a sequence {gn} in A−1
with ‖g − gn‖∞(MA) → 0 as n→∞, and the equality
‖(S|A−1)Eg − Sgn‖∞(MB) → 0
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holds as n→∞. Thus for every f ∈ A and g ∈ (clA)−1 the equality
‖SfSgn − α‖∞(MB) = ‖fgn − α‖∞(MA)
holds, where {gn} ⊂ A−1 and ‖g − gn‖∞(MA) → 0 as n → ∞. Letting
n→∞ we see that the equality
(7.3) ‖Sf(S|A−1)Eg − α‖∞(MB) = ‖fg − α‖∞(MA)
holds for every f ∈ A and g ∈ (clA)−1. Since (S|A−1)E((clA)−1) =
(clB)−1 holds we see that the equality
‖SfG− α‖∞(MB) = ‖(S|A−1)EfG− α‖∞(MB)
holds for every f ∈ A and G ∈ (clB)−1 by the equations (7.2) and
(7.3). Applying peaking function argument as before it follows that
the equality
Sf(y) = (S|A−1)Ef(y), y ∈ Ch(clB)
holds for every f ∈ A. We show a proof for a convenience. Substituting
G by nG for positive integer n, we have that
‖Sf(nG)− α‖∞(MB) = ‖(S|A−1)Ef(nG)− α‖∞(MB),
so
‖SfG− α
n
‖∞(MB) = ‖(S|A−1)EfG−
α
n
‖∞(MB),
and letting n→∞ we have
‖SfG‖∞(MB) = ‖(S|A−1)EfG‖∞(MB)
holds for every pair f ∈ A and G ∈ (clB)−1. Suppose that f ∈ A
and y ∈ Ch(clB). If Sf(y) = 0, then there exists a sequence {Gn} in
P 0clB(y) with
‖SfGn‖∞(MB) → 0,
as n→∞ so that
‖(S|A−1)EfGn‖∞(MB) → 0.
as n → ∞. It follows that (S|A−1)Ef(y) = 0. In the same way we
see that Sf(y) = 0 if (S|A−1)Ef(y) = 0. Suppose that Sf(y) 6= 0 and
(S|A−1)Ef(y) 6= 0. Applying Lemma 2.1 we see that there exists a
G ∈ P 0clB(y) such that
(7.4) σpi(SfG) = {Sf(y)}, σpi((S|A−1)EfG) = {(S|A−1)Ef(y)}.
Thus we see that
(7.5)
|Sf(y)| = ‖SfG‖∞(MB) = ‖(S|A−1)EfG‖∞(MB) = |(S|A−1)Ef(y)|.
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Put µ = −αSf(y)|Sf(y)| . Then we have
‖µSfG− α‖∞(MB) = |α|‖
Sf(y)
|Sf(y)|SfG+ 1‖∞(MB) = |α| (|Sf(y)|+ 1) .
On the other hand
‖µSfG− α‖∞(MB) = ‖µ(S|A−1)EfG− α‖∞(MB)
= |α|‖ Sf(y)|Sf(y)|(S|A
−1)EfG+ 1‖∞(MB).
Applying the equations (7.4) and (7.5) we see that Sf(y) = (S|A−1)Ef(y).
Thus we see that S = (S|A−1)E on A.
Finally we consider the general case, where we do not assume that B
is semisimple. Let Γ be the Gelfand transform on B. By applying the
conclusion of the first part of the proof, we see that the map Γ◦S from
A onto Bˆ, the Gelfand transform of B, is injective. It follows that Γ is
injective. Thus we see that B is semisimple. Applying the first part of
the proof we see that the conclusion holds. 
Since uniform algebras are unital semisimple commutative Banach
algebras, we see that the following holds.
Corollary 7.5. Let A and B be uniform algebras on compact Hausdorff
spaces X and Y respectively. Suppose that S is a map from A onto B
which satisfies that there exists a nonzero complex number α such that
the equality
‖SfSg − α‖∞(Y ) = ‖fg − α‖∞(X)
holds for every pair f and g in A. Then there exist an η ∈ B with
η2 = 1, a homeomorphism φ from Ch(B) onto Ch(A), and a clopen
subset K of Ch(B) such that the equality
Sf(y) = η(y)×
{
f(φ(y)), y ∈ K,
α
|α|f(φ(y)), y ∈ Ch(B) \K
holds for every f ∈ A. Furthermore if T1 = 1, then the equality
Sf(y) =
{
f(φ(y)), y ∈ K,
f(φ(y)). y ∈ Ch(B) \K
holds for every f ∈ A. Furthermore if T1 = 1, and α ∈ C \R or there
exists a λ ∈ C \ R with Tλ = λ, then the equality
Tf(y) = f(φ(y)), y ∈ Ch(B)
holds for every f ∈ A.
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Corollary 7.6. Let A be a unital semisimple commutative Banach
algebra and B a unital commutative Banach algebra. Suppose that S
is a map from A onto B which satisfies that there exists a non-zero
complex number α such that
σpi(SfSg − α) ∩ σpi(fg − α) 6= ∅
holds for every pair f and g in A. Then B is semisimple and there
exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the
equality
Sf(y) = S1(y)f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ A.
Proof. Since
σpi(SfSg − α) ∩ σpi(fg − α) 6= ∅,
holds for every f, g ∈ A, then
r(SfSg − α) = r(fg − α)
holds for every f, g ∈ A. Then by Theorem 7.4 we see that B is
semisimple and S is real-linear. On the other hand we see that SA−1 =
B−1. Suppose that f ∈ A−1. Then
σpi(f(αf
−1)− α) = {0},
so
σpi(SfS(αf
−1)− α) ⊃ {0}.
It follows that
σpi(SfS(αf
−1)− α) = {0}.
We see that Sf ∈ B−1. Thus we see that SA−1 ⊂ B−1. Suppose
conversely that F ∈ B−1. then there exist an f and a g in A with
Sf = F and Sg = αF−1. Then
σpi(SfSg − α) = {0},
so
σpi(fg − α) = {0}.
We see that f ∈ A−1. Thus we see that B−1 ⊂ A−1, and thus SA−1 =
B−1. Then by Corollary 6.1 there exists a homeomorphism φ from
Ch(clB) onto Ch(clA) such that the equality
(7.6) Sf(y) = S1(y)f(φ(y)), y ∈ Ch(clB)
holds for every f ∈ A−1. We show that the equation (7.6) holds for
every f ∈ A. Let f ∈ A. Then there exist f0 ∈ A−1 and a complex
number µ with f = f0 + µ. If µ = 0, then
Sf(y) = Sf0(y) = S1(y)f(φ(y)) = S1(y)f(φ(y)), y ∈ Ch(clB)
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holds. If µ 6= 0, then, the by real-linearity of S and the equation (7.6)
we have
Sf(y) = Sf0(y) + Sλ(y) = S1(y)f0(φ(y)) + S1(y)λ = S1(y)f(φ(y))
holds for every y ∈ Ch(clB). 
The authors do not know if a corresponding result for α = 0 holds.
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